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Sp(2M ) Invariant space

Rank-one unfolded equation Fronsdal (1986)

Bandos, Lukierski, Sorokin ( 2000)

2
a0 - + _ _ A0
(5 8XAB:I:ZJ_)C’ (Y|X) =0, o_ =¢ 5y Agy B’
XA4B matrix coordinates of M,;, X4B = xB4A (A, B=1,..., M)

YA - auxiliary commuting variables = twistor variables abusing terminology
¢MN—= gxMN _ gnti-commuting variables ¢MN = ¢(NM  ¢MNeAD — _¢AD¢MN
Rank-one primary (dynamical) fields : o_C(X|Y)=0: C(X), C4(X)Y4

Unfolded equations = dynamical equations

% o %, %, _ _
5xAExBDC(X) ~ o BEvapC(X) = 0 Klein-Gordon—like
0 s, _ _
5xBDCAX) — o 7pCB(X) = O Dirac—like



Rank-r dynamical fields in M,

Rank- r unfolded equations : r sets of twistor variables Y,

(6P 55am 10" ) CE(YX) =0

0ij 5 ,7,...=1,...,r -color indices
Rank-r primary fields : ¢~ C(Y|X)=0 =

Citiizi(X) = 0.

C(Y|X) =ZC "::’f” (X)Y, YA”:>traceIessness 01 iy
n

v/ commute = C- Am.Ak (X)_C”‘X‘l'{“ inm (X) =

1

rank-r primary fields — tensors CYO(Y|X) described by

traceless gl;; Young diagrams Y[h1,...] with respect

to Latin indices A, B=1,...,M, ie., hi1+ho<r, h1 < M.
o_-cohomology analysis: Rank-r primary fields and field equations
are represented by the cohomology groups H9(¢") and H1l(s'),

respectively. Shaynkman, Vasiliev ( 1989)



Result: Rank-r dynamical equations

Rank-r primary fields CYO(Y|X) satisfy rank-r dynamical equations

gArlr—hort 1] Azl 1), Aslhal.. sl ?_ 0 O o
111h1], 121ho], 131h3],.--; inlhn Al " hy 7 Al " Ahn
Myt ay,r ph oV

\ o, "t

h1 hin
0 0
hi+1 o+l r—ho+1l Yo
8XA11 A22 aXAl 2 A2 h1+1
r41—hq—ho

The symmetry properties of the parameter &£ described by

Yolhi,ho,h3,...,hn] with respect to the lower indices

and by its rank-r two-column dual

Yi[r+1—ho,r+1—hy,h3,...,hq]

with respect to the upper ones.



Examples

The full lists of YD associated with rank-1 and rank-2 fields and

equations :
24+ n
HO(O'_):YO ) O HO(O'%):YO Py 0 H CITITTT1]
’ I >+ n .
H (o ) : Yy H- H1(02): Y, 0 | B [T1T0)

T wo-column duality



3d conformal fields and equations In 5p(4)
Invariant space

Free 3d massless fields C(t, x) can be described in terms of

two-component spinors y¢ and symmetric matrix
0 = P gob = ¢50P Xla?ﬁ + XQU:O):B : a, =12,
where ai‘% — traceless symmetric Pauli matrices.

Conformal invariant massless equations — Rank-1 unfolded equations

Shaynkman, Vasiliev (2001)

2
d:r:o‘ﬁ( 0 + 4 0 )Ci(ykﬂ) =0 =

Ox P Z@yaayﬁ

primaries 0% (z) 0% f5(z)yP 0
. £r) — €T =
Dy 9y P dydyB 1PN
2
boson b(z): &Y 0 b(x) = O ~ 3d Klein-Gordon
OxBIx TV
fermion fg(x) : e 0 fv(x) = O ~ 3d Dirac

OxB
e - 2 % 2 symplectic form .



3d conformal currents

Rank-2 equations = Current equations O.G, M.Vasiliev (2003)

dzP 0 — 3 5 J(u, vlz) =0, v= l(?/1 + y2), u= 1(y1 — Y2)
OxB dveoubs , ’ 2 ’ 2

Closed differential forms — 3d conserved current

Current equations are obeyed by generalized bilinear stress tensors

0 0
Ou®l  Huon

T =Tkl o, (2) = (Ch (v = ula)C (v + ulo) ) luzo :

Cy(ylx) — rank-1 fields.

U <> V.

<z'da;a5 0 +du )

o o
vl Qv

J=TF (2)=

(C’+(v — ule)CL (0 + ule) ) lo=o



HN(or) : polynomials P(Y,¢)

o(r)-module with respect to the color indices ¢ carried by YZ-A
glp- module with respect to the spinor indices A, B,... of Y4 and ¢45
o(r)-module characterized by a traceless Yy and a traceful part,

composed of the Kronecker symbols 67 : Kronecker YD Y
]

Y 5 € symmetrized (®KI:EI)

(§)N . Almost symmetric Young diagrams Y% with 2N cells

Y% € anti-symmetrized [@NEEI]

Given Yo , Y& = 3Ys: IYg € Yo® Ys® YL represents HY (oh)

M is large enough: does not restrict gl;,-Young diagrams



Homotopy operator

Standard homotopy trick : Conjugated linear operators
Q and Q*, Q2 =0 = A ={Q,Q*} - semi-positive homotopy operator

If A is diagonalizable = H(2) C ker A nker Q2.

B,
Q= o =Typt8 . Q* = 748 560D
o o .. g )
Tanp = 59, TP =vCYPsI, Th=v" 2 = sp(2M
AB 3Y,L-A(9YjB 1 17 8YB ]3( )

A ={Q,Q2Y =Er ™+ v - (M 41 -1)vd
A 9 a0
gykA Tk gymA

Tmg = Ym — generators of o(r),

v = xa + T4 — generators of gltof that acts on Y4 and ¢458

2 fAD

A _ —
XB = 9eBD generators of gl,,



Young diagrams and Casimir operators
Yyl[B1,...] € Yolh1,...] ® Y5[d1,d1,...] ® Y glai,...]

Casimir operators:

kaka QZhj(hj—I'—Q(i— 1)),
J
v = S Bi(Bi— M —1-2(i— 1))
0
= Homotopy operator

A = =) Bi(B;—2(—-1)4+> hi(h;j—2(i—1))+r) (B;—h;)
i J 2



South-West principle

S(i,7) — a cell on the intersection of j —th row and i — th column
i

) ||
Y=U 83 !
S(1,5)eY
Numerical characteristic x%(S(:,7)) =i—j+ a, X(Y)=> x%S) Va
SeY
X*(Y) = =33 hi(h; —2i+1—2a) since Y[hq,...] = unification of columns

= A =2y 5\ Yo)

S1 is situated the more South-West then S, <& x%(S1) < x%(S»)
A semi-positive = min(A) is reached when all cells of Yy

are maximally South-West . It allows us to find H"V (¢%) VN



Homotopy equation

DY\ Yo) =0

Higher o' - cohomologies in M,;: Result

The full list of YD associated with HY (%) :

YH [317327"'] : BJ:h]—l—CI,J—I—ZSz](YO,YA)
J
arbitrary Yglhq,...] — traceless YD
arbitrary Y 4laq1,...] — almost symmetric YD : > a; = 2N

resulting s(Yg, Y 4) — shift matrix inherits the structure of Y 4

resulting Ys(Yqo,Y 4) — Kronecker YD



Example:

s(Yo,Yy) =

Kronecker YD Y(g[dl, di,do,do,ds, d3] :

Y4l8,6,5,3,3,3,2,1,1] =

Ao
Aq
Ag
Ao
A3z
0]
0]
0]

Az As As Ag A7 Ag)
A> Az A, Ag
Apg Ar Asz

OO o0O0o0oOo

OO oO0Oo0oOo

OO o0oOo

OO0 oOo

OO0 0O0O0oOo

OO0 O0OO0O0O0O0oOo

AO:I‘—hl—hQ
A =hg—hgy1
(k> 0).

di =Ag+Ag+ -+ Ag, dy=A1+ A0+ Ay + Ag, d3=Ag+ Arx+ A3

Odd and even '"nested hooks”

are different



Minkowski-like reduction.

4d Minkowski unfolded equations is a subsystem of rank-2 ones in Mgy
with YA = (v, 57),  XAB = (@, 28, 29%)  (y7=5),
Rank-r primary fields C, ’?(y,§|w) are described by
pairs of the mutually traceless Young diagrams
Y[h1,...,h] and Y[hy,...,hn] : b1+ h1 <.
For example, Minkowsky primary free currents =rank-2 Minkowsky

primary fields are described by

Y(n):lllnllzlcl)llllll Y(n) = E[%[ZD%
n>m
Y(n,m) = HENES S Y= o
n>m
V= o Y (5. m) = [TTT]




Conclusion

All higher ¢ cohomologies are found =

All primary fields, associated with differential forms of different degrees,
and their equations are found, including usual 3d and 4d any rank

Minkowsky fields and field equations

Applications to the construction of interacting theories



