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we construct quartic interaction of two scalar and two spin four
fields using standard Noether’s procedure

Motivations :?7?:

1) How far we can go with Noether’s method after construction
of cubic terms?

2) Isit possible to find some local Quartic interactions?

Here we explore this two possibility
Investigating the simplest case
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SPIN TWO CASE: HOW IT WAS WITH CUBIC ?

(2)
Let us construct: S = So(P)+ S, (D, h(z))

Starting: Sy(D) = %jd ‘ X0, 00",
Obtaining: S,(D, h(z)) = %J.d T xh@# [—(3ﬂq)aVCD + UZV @d)aﬂd)]
From: 5180 (CD) + 5081 ((D, h(z)) =0

5 =¢c"o,D éh,, =0.,¢6,=0,,+0,¢,
Using:

5,0 =0

/

Important point



SPIN TWO CASE: Now QUARTIC - NEXT ORDER?
Equation: 0,5, (D) +5,S,(D,h®) + 5,5, (®,h?)=0

Admitting that again 52(13 =0
Equation to solve

5,S,(®,h?)+5,5,(®,h*?)=0

assumption about the form of first
order transformation of spin 2 gauge field:

51hw = g}“@ihﬂv +5_1hw



Variation

5:5,(®,h®) = jddx{—%a@avq)[glhw 0,6, +20 0,6, ]

1 1% A 1 a 1
+§8“CI)8 D[0, ¢ hyv+§8( e N7 ] 2

“ev) a aﬁq)a/lq)[é—‘lhg _8ﬂgﬂhs]}
1
§5o[h/mh;m]

~ e
Sh? =20"eh,

Non intagrable part leads to the gh =0 A
= g'h
definition of transformation 1" v (u v)A

We can Integrate using 5ohﬂv = 5(ﬂ6‘v)
and ST he — p)
o, =20,&",

Cross-check of consistency

51hw = 5’161hﬂv +8ﬂg’1hw1 +6vglhﬂﬂ = .L;hw



SPIN TWO CASE: Now QUARTIC -- NEXT ORDER?

SOLUTION!

S, (®,h®) = jddx{%aﬂcpavq)h*h _Lorperan he

HvA 4 UV o

—%qubﬁlq)h“ﬂhaﬁ +%aﬂ®alcphghﬂ}



SPIN FOUR CASE: HoW IT WAS WITH CUBIC ?

Starting point —

s (@,h@ h¥) = S (D) +S,(®,h®) + S, (®,h®),
S,(®,h®) = % [aexh=’[2,0,00,0,,~1,,0,0" 3 ,0,d]

Transformations T

5Ohﬂw1p — a(ﬂgvxlp) — augwlp +5V8Mp +a/1€yvp _I_apgﬂv;t,

o, D(x) = £ (x)0 0,0 ,D(X),

Vo v S

Noether’s Equation

5,54(®) + 3,5, (®,h?) + S, (@,h¥)] = 0



SPIN FOUR CASE: How IT WAS WITH CUBIC ?

Important point: special field redefinition

®—> P +%aﬂ (heo,®)

Generalization:

e general spin S case

e generalized Weyl invariance

R. M. and W. Riihl (2004), R.M., K. Mkrtchyan (2009)



SPIN FOUR CASE: vARIATION OF CUBIC TERM

physical traceless and transfer gauge for our spin four field

o, ,h** =0 10,0 =0e™ =0

3
: | 0 &% =0

dp
h/,” =0 | a

Simplified task: Starting from single cubic term

L, ~h"%9 0,03,0,®

v

Prediction : We will loose all divergences and traces
and possible terms coming from variation
of initial trace terms



How it is in spin 2 case

2 +2h00,6,]

14

5,5,(®,h®) = [d dx{—%@”(bavd)[é_lhﬂv ~8,,6"h

+%5”®8V®[5151hw+%5 us +%ai®§l(b[é_lhg_aﬂgﬂhg]}

(u=v)

Variation of the trace is not expressed through trace terms, but ....

— 1
Integrable: oh% =20"¢h, = E5O[hﬂ“hm]
and is ‘contracted’ with trace of current:
1 1% 1 1% (04
S,(®,h®) = jddx{Eaﬂcpa ®h’h,, — 5 0"®0"®h,,h;

—%Gﬂdbalcl)h“ﬁhaﬁ +%a*cbaicbhghﬂ}



SPIN FOUR CASE: vARIATION OF CUBIC TERM

5,(h"*5,0,00,0 @) = %51(hwﬂp3 ® )=6n""5,0,08,0,®

HVAp

1

| oulap yAP) (afy WvAp) 1 (6)
+5O |:8 d,h d,&"h ]JW(W

ApBy

+£[8 By 5 he _ 5 5 oy th)uv]J @)
5 o u-v u-v o

uvAp

+%[aaa 40,6 _ g1 g § o e )@

Ap

%[aﬂavg“ﬂyaaa LN 5 5.8 700,00 ]3P

1 a V.
+20,0,0,0,6770, 03D



SPIN FOUR CASE: vARIATION OF CUBIC TERM

(6)
‘J vApa By

=0,0,0,00,0,0,®=0,0,,0,3,0,0,,®,

4)
J UvAp

=0,,0,00,0,0=03,0,98,0,®,

(u=v
2 —
19 =0 ®0,0,

1) we cannot integrate Noether’ s equation without introduction
of the cubic interaction for gauge field of spin 6 coupled to the spin 6 current :

hvipaﬁy J (6)
@ vApaSy
2) J uvip terms arose with different weight 1/5 and 2/15. But we will see below
that they should come with same weight to complete integration for

interaction terms.

2
3) we have three unwanted J /(13 terms . We should discover way to get rid of them



SPIN FOUR CASE: TUNING OF CUBIC INTERACTION

We can modify our initial interaction with higher spin currents adding gradients
of lower spin currents with some coefficients:

(4) (2)
+ A8 ,0,%  +B3,0,0,0,)

(6) — (6)
J =>J HVAP) Ap)

afjuvip afjuvip

o, =>J3. +Cd.,0,37)

HVAP HVAP Ap)

And it works!

We can prove for our constrained field and parameter several relations
First important relation

1

T [@ﬂg(awhvip)ﬂ _gﬂ(aﬂeﬂhwlp)]@(vap] 4) =

pafy)

uv(p Ap)a a(By Ap)uv |1 (4)
|66 %5 0,079~ 8, 6°Pr 5 h 1 |3®

+]6,0,0 6“9 _gihrg 5 o b 3@



Second important relation

p-aN By)

3—]6[8/18(“@?]%0)”—8”(aﬁ@ﬂhwﬂp)]3(vaﬂa O J(2) —

+[0,0,0,67%0,0,h""7 ~0,8,678,0,0,h**13?

u-v=y Ap

3 (94 V.
+2.0,0,0,0,670,h I

Using these we can
e improve discrepancy in numbers
e Cancel the first line with spin two current.

Finally we obtain the following expression for variation:



HVAD

51(h”Mp6ﬂ8VCD818pCD) = %51(h‘m”\] “) ) = 51h“mp8ﬂ8v(1)828p€1)
1 ~

u(op ywAp) (afy Wvie)u |7 (6)

o £“5 h 0,6 nm|TO

+1[8 Sy 5 W g 5 goBry th)uv]J @)
6 a Y7 % LoV a

ApBy

HVAD

+%[aaa 0,6 _ g o o hee )@

1 . v
+2:0,0,0,0,670 0" 3 )

Where
Jo =36 +ia 0.J% +la 0.0 0 J¥
vApa By vApo By 9 (a™ B~ yvip) 3 (v A" p~a™ By)



Third important relation
oSy HVALO 2 _
68ﬂa‘/615p8 o_h Jﬁy —

[aagﬂV(ﬂaﬂathp)a . ﬁﬂavga(ﬂyaahﬂp)uv ]8/15 J 2

P Ly

+| 8,0,0,6“ NP — g5 8,0 h"* 0,0,d2)

a” BTy
We will not do that Jvﬂpy - »Jvlpy +Ea(va,1~]py),

We prefer to keep initial spin 4 current unchanged and cancel last unnecessary
term by traceless Stueckelberg like transformation of the spin two gauge field from
linear coupling with spin two current

Sh" ~0,0,0,0 873 h""



SPIN FOUR CASE: INTEGRATION AND INTERACTION

Now we start to integrate expression:

1 [gﬂ(aﬂ 0 ,h") g, gl e ]j ©
50
- 1
+—| 0
Al

shoch+oeshh=s,(han) o 1 ey ey wip] 1@
+E 0,0,0,&""h —&770,0,0,h J

uv(p rAp)a a(By Ap) pv 4)
9,0, —0 0,60 P |

a ApBy

a~ =y uvAp

=

To extract interactions and linear on gauge field transformations
we can use the following important relations

affy — offy  Ala .pr)
0, = o4h; 0'“&

y7;
1 1

afly — af (a Br) (a B ~7)

00,8 =20, Shif == 0“S N + 00" &)

0,0,0,& = %a(valaohj)ﬂy —%awau(sohﬂ” +%a<aaﬂ50h7> -0%0"0"¢,,,

uv) uvA



SPIN FOUR CASE: INTEGRATION AND INTERACTION

Spin 6 part:
1 ~
1 affy WA (6)
L, = —hﬂ “h M sy

51hﬂv/1aﬂ7 — gp(aﬂaphmvl) _|_a(ag£7hﬂvi)p

Spin 4 part:
|_2 :_ghawa O hﬂvﬁpJ(4) +15 hdﬂ?/a huvlpJ(4) _Eaahwa hﬂw’tp‘](4)
2 3 a~ p vApy 9 VK a ApPy 4 uv=a ApBy
1
P VA, 4) p A |y 1LV, 4
—0"h;0,h” pJﬂpﬁerg@ h? 0™ s,

S5,

gaﬁyﬁaaﬁayhﬂ%p + 8(”8|yaﬁ|@a5ﬁhm’o)7 + @(ﬂ@vglgylaahﬂp)w + 5(ﬂavaigaﬂ7hp)aﬂy



SPIN FOUR CASE: rREMOVING REMINDER

After all this manipulation we still have four remaining terms of two types:
First two remaining terms contain divergences of spin 4 current

2
(v Br)wpripna 1@ BAly pruvi)hp Aa1(4)  —
0,0V &N 0% L, 38 0V e Ny ,0%d L,

l y o 1 v a
50100, NN sy 4150V (0D ey NN,

We can cancel them introducing first order redefinition of

R N T X

é_‘ohﬂv/ip ~ ol (aﬂayg;ﬂhp)aﬂy) _%a(u (6Va/lgaﬂyhp)aﬂ7)



Second two remainders contain contractions between derivatives
of gauge parameter and gauge fields

250,030 207007 5 hi )@
3 he

vApy uv- o ApPy

Using the following (up to total derivatives) identity:

0,A0"BC = 1(ABl:lC —o0ABC — AoBC)
2

VAP —
for on-shell spin 4 gauge field oh*™” =0

we can transform

vApy

i{—&efy 1%, ﬂh””” — 246ﬂgzvh”“p‘” —128”55’7 h*”’”}m\] “) . ]
12 One more interaction term

1
=5 hﬁ}/hﬂpﬂv J 4)
+4 o{ v Jo ApBy . L3 — _i hﬂyh}tpuvl:'\](@
2 uv ApBy

exactly the trace of our spin 6 gauge field
transformation

ST, = {870, 0y +1207 8y + 240" Py Y

HVAp HVAp



SPIN FOUR CASE: INTERACTION

_ 1 afy |wvAiou 7 (6)
L, _Ehﬂ TN s

_ghaﬂVa 5ﬁhuvﬂ~pJ 4) +£@ haﬂ7@ hwﬁp\] (4) _E@“hﬂV@ huvﬂ«pJ 4)
3 y7, o 2 v u o

vApy ApPy A uv- o ApBy

_aﬂhay@ hﬂvﬂpJ (4) +E85h7 @ahﬂwlpj (4)

uv-a ApBr 3 pHvA papfy

1
T B wAouv (4)
h,UV h ApPy

Transformation o,h*" ~

e”0,0,0 h"* +0%eP9 0 ,h"7 1 640" elllo h W + 845" 0" e, WO
N V. V. a 1 v a

5Ohﬂ o plu (aﬂaygaﬂhp) ﬂy) _ g@(# (@ aﬂgaﬂyhp) ﬂy)

5huviaﬂ7 — gp(aﬂa hﬂzM) _|_a(ag,87huw1)p
1 P P



SPIN FOUR CASE: OUTLOOK

What can be done

“Degauging “ and “Off-Shelling”

Generalization for spin 2,4 ....S, S+2, .. and scalars
Weyl Invariance?

What's cooking in the case of different spins?



Thank You for your attention!
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