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General setup of gravity/gauge theory duality

SAdS((I)) type IIB superstring field action

P = ¢ scalar
gbA vector

gbAB tensor

qul“'AS arbitrary spin

fields in AdS space
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X boundary flat coordinates

v/ radial coordinate
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Use solution corresponding ®gh

S4ds(®) = Seff(Psh)
<<Dcur($1) .« o CDCUI’(fEn>>

. 0" Seff
5¢Sh($1) “ e e (Scbsh(ajn)

correlation functions from AdS



correlation function from CFT

ogyyy fields of boundary conformal theory, e.g. SYM

S(¢SYM)

Pcur = ¢Cur(¢SYM)

V = / diz . (x)Peur(x)

e Dcft — /D¢SYM€_S(¢SYM)+V



AdS/CFT

Seﬂ’(cbsh) — Scft(cbsh)



Long-term motivation

Computation of S.¢(dg,) for superstring theory

Find helpful gauge conditions

de Donder like gauge ? (Helpful for computation

loop corrections)

Light-cone gauge ? (Green-Schwarz computations

in superstring theory)



Seff(®<p) for low spin fields

via AdS/CFT
1998 — 1999
scalar field GKP, Witten

massless spin-1
massless spin-2

massive spin-1
massive spin-2

Freedman et.al.
Liu, Tseytlin

Mueck, Viswanathan
Polishchuk



Goal

Find

Seff(Psh)

for arbitrary spin fields

by using AdS/CFT



scalar

S = [d%zdzL

1
L= V(" 0, Poy® + m2d?)



scalar
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scalar

Solution to Dirichlet problem

2 p2
( + az o 22) ¢ =0
b(x,2) 29 VTS pen(x)

o(x,z) =3 0



scalar

Solution to Dirichlet problem

d(x,2) = [dyCu(x — y,2)dgn(y)

1
VT2

Gy(x,z) —
(22 + |a|2)" T2



scalar

Seft = [ A% Lefr| .0

Leff = ¢Tv@



scalar

Effective action

— d d
Soff = CO/d x1d x> T'19
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spin-1

1
o _ZFABFAB

FAB — pAyB _ pByA



spin-1

bulk so(d,1) — boundary so(d —1,1)
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Popular (and important !) gauge conditions

=0 radial gauge
gb+ =0 light-cone gauge
DA<I>A =0 Lorentz gauge



spin-1

standard Lorentz gauge

DA¢A =0
leads to

coupled equations

2
+ 02 = " )6 + 9" =0

2
™m
0 =~ D)o+ 0% =0




“Technical” problems with standard

Lorentz and de Donder gauge conditions

1) Coupled equations

2) For spin 2, 3, 4, .....

solutions are expressible

in terms of Whittaker, Heyn functions
Little is known about Heun functions
asymptotic behavior 777

recurrent relations 777



spin-1

Modified Lorentz gauge

AA, 2
D"¢"+ ¢ =0

RRM, 1999

Polchinski and
Strassler 2001

gives

Decoupled equations



spin-1

Decoupled equations

O+ -~ 5)¢" =0




spin-1

Solution to Dirichlet problem

¢ (x,2) = [dyYGuy(x —y,2) ¢% ()

Qb(xaz) — /ddyGl/()(X — Y>Z) ¢5h(y)

v+1/2

Gu(x,z) =
(22 4 |2[2)" 12




spin-1

Seff = /ddaf £eff|z—>o

Lefr = ¢"Tn @ + ¢Tyo

To=0.+"
<



spin-1

Effective action

_ [ d.
Seff = [ dz1d®zol 2

o (21)9% (z2)
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: (bsh (331)¢5h (552)
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Modified Lorentz gauge for bulk AdS fields

DAGA + 20 = 0
has left-over gauge symmetry

5™t = 94¢

V]_2

(0407 ——5)c=0

E(x,2) = [ d%YGu (z —y,2) € (v)



Modified Lorentz gauge for bulk AdS fields

DAGN 4 20 = 0

leads to

differential constraint for shadow fields

O%psn + Ppsn = 0
Gauge symmetry of differential constraint
5¢§h — aagsh
5¢sh — = gsh







Light-cone frame

ot =T o, ¢

¢:E =0 light-cone gauge

Solution to differential constraint

_ ol .1
sh — _3—_¢gh - 8__¢sh



Light-cone gauge fixed Sg¢f

light—cone __ d d light—cone

—light—cone _ v (21)9l (22)
2 2:15]2(d=1)

| ¢Sh ($1)¢Sh (mQ)

 |zqp2(d=2)

qbéh : ®sh unconstrained fields



Intermediate Conclusions

1) Use of Modified Lorentz gauge leads to generalized
gauge invariant formulation of CFT

2) Standard formulation of CFT and light-cone gauge
CFT are obtained by using Stueckelberg gauge fixing
and light-cone gauge



Spin-2

Einstein equation for h4B

D2r4B + . =0
Standard de Donder gauge

B, AB A

1
D™h — —D""h =
2

leads to coupled EOM



Spin-2

modified de Donder gauge

RRM, 2008

B

1
DBLAB _ 5DAh + onZA AL =0

leads to decoupled equations

so(d,1) == so(d—-1,1)

hAB — hab D hze D h#%

qbab — hab + nabhzz : Qba — 70 : ¢ = h?*



spin-2: Decoupled equations

2
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Spin-2

Solution to Dirichlet problem

¢ (x,2) = [ dYGuy(x —y,2) ¢20(y)

¢ (x,2) = [dyYCuy(x —y,2) ¢% ()

d(z,2) = [ dYCuy(x — y,2) ¢ (y)
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Spin-2. Effective action

d
Seff = /d mﬁeﬂ"|z—>0

Letr = ¢2P T, + 6370, 02 + ¢T0yd

7;:82+Z
zZ



Spin-2

Effective action

R
Seff = [ d@1d%@p T2

¢ (21) % (z2)

21529

10 =

¢ (21)08 (z2)
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- D (1) D, (72)
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Modified de Donder gauge for bulk AdS fields

DBhAB o %DAh + zth o nZAh —0

leads to
differential constraints for shadow fields

095+ 0%g + 65, =

aa¢gh _I_ ¢gjf? _l_ ¢5h — O

P can be gauged away

% + ¢, =
5’“gb§h T gbsh =0



On-shell left-over gauge symmetries of bulk AdS fields lead
to gauge symmetries of shadow fields

50 = 9" + 8¢ + nbe,,

sh

0% = 8afsh - ggh

sh

&bsh ‘Ssh

¢2* is Stueckelberg field

¢e, ¢, are not Stueckelberg fields



Arbitrary spin-s AdS field

@Al...As

Fronsdal action for free fields

Vasiliev theory of interacting fields



Impose modified de Donder gauge

A-AA,. Ag Ao+ AAA3.. Ag

1
— D
2

Do P

Decompose

so(d,1) — so(d —1,1)

@Al...AS — @al...as

@al...aS,:l



gbaa — P2 +
¢a:q)a
b=

Decoupled equations

vV

2
S/2 )gbal...as/ —
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(O + 82
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Seﬂ-' — /daz‘lld:ngI‘lz
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Use of differential constraints for shadow fields leads to

albl Oasbs
s — al .asg - b1 bS \




Massless: Normalization factor

Sefr = c(s,d) [ d%z1d%zol 12

RRM, 2009

(25 4+ d — 3)(2s + d — 4)
2sl(s+d — 3)

c(s,d) =

1
c(1l,d) = E(d —2) Freedman et.al.

d(d+ 1)
4(d—1)

c(2,d) = Liu, Tseytlin



Generalization to massive fields is straightforward

use gauge invariant formulation with Stueckelberg fields

1 1

FAB — DAqu . DquA
51 = o
0p = —m§

DA™ 4+ me + 207 = 0



Massive: Normalization factor

Seff = c(m, s, d) [ dz$dxiI 12

k(2k +2s+d—2)

clm,s,d) = ot a 2)

RRM, 2011

0-



Mixed-symmetry fields in AdS(5)

unitary highest weigh representations of so(4,2)
so(2) @ so(4) so(4) = su1(2) ® sux(2)
Eo, j1,]J2

Eo>j1+j2+1, jij2=20
self-dual massive fields

Eo = Jj1 +Jj2 + 2, J170,j270

mixed-symmetry massless fields

Eo>ji1+j2+ 2, J1F0,j2#0

mixed-symmetry massive fields

Jj1 # J2 mixed-symm

Jj1=1]2 totally-symm



Lagrangian formulations of mixed-symmetry fields

Massless and self-dual massive in AdSs

light-cone gauge RRM 2002

Massless in AdS;4+1

frame-like Alkalaev, Shaynkman, Vasiliev 2005

Massless in AdSs
frame-like Alkalaev 2005

Massive in AdSs
light-cone gauge RRM 2004

Massive in AdSg 41

frame like Zinoviev 2009



Light-cone gauge fields in irreps so(4) = su(2) @ su(2)

qulamz

ml:_jla_jl_l_la"'ajl) m2:_j27_j2+17'°'7j2



Ji J2 Jitma Ji—mi_ Jot+mo Jo—Mmo

o= Y et W) S B G| O)

V(G1 +m)Gr — m1)! (G2 + m2)! (G2 — m2)!

m1=_j1 m2=—j2
Oscillators
Ur, Ur, Ur, Ur, T — 1,2
['1_117'7 ua] — 5’7‘0’7 ['l_)Ta 'UU] — 57'0
-0y =0, v-[0) =0, ul = 4., vl =4,



S = fd5:v£, d°z = detdx—dzldz?dz

£= (IO +2 — L)

0= 2070 + 0'6¢, i=1,2
> 1
A= ——
4
I/:KJ—I_Sl—SQ, K,EE()—Q
S = 1(N, — N,) S = 1(N,. — N,)
1—2 U1 V1) 9 2—2 Us Vs

Ny, = urur, Ny = vrvr



£= 3 3 Lu

mlz_jl m2=—j2

1
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T
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Two-point function
6(2,2)) = 0, [ d*yGue — v, 2)léan(W)

1
c 2V T2
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r(v+2)
w2 (v)

Cy

_ 2" (v)
~ 2h[ (k)

()%

Oy



—Seff = 2KcCk [sh—sh

|—sh—sh — /d4m1d4x2 Esh—sh

£ = (g (el palden(a2)

_ AT +2)r(v+1)
T AT (k+2)M(k+ 1)
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v=rk+S1 -5 k= FEqg—2

K — Rint = —2¢, Kint — integer

“¥ints (D) (1)

|m‘2y—|—4 e

Vint = Rint + 51 — 52
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g
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Vint = Rint + 51 — 52

Kint =Jj1+Jj2+N, jijo=0, N=01,...
self-dual conformal fields

Kint = J1 + J2, jij2#0
short mix-sym. conformal fields

Kint =Jj1+Jj2+ N, Jjij2#0, N=1,2/ ...
long mix-sym. conformal fields



Long conformal field

J1 J2
jit+j+N 1— M2
E — Z Z ¢In1,m2DJ N m ¢m17m2 N

m;=—j; My=-—};
NS, r = (251 + 1)(2j2 + 1)(j1 + j2 + N)

Short conformal field

L=L1~+ L2

Bt
El — Z ¢Irlaj2DJ1+m¢maj2

m=—j1+1

J2
£2 - Z qb-l-_jl,—rn|:|.]2_i—rn¢_j1a_rn
m:—j2+1

NEor = 1(2j1 4 1) + jo(2jo + 1)

1,2,...



