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General setup of gravity/gauge theory duality

SAdS(Φ) type IIB superstring field action

Φ = ϕ scalar

ϕA vector

ϕAB tensor

ϕA1...As arbitrary spin

fields in AdS space
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AdSd+1

ds2 = R2

z2
(dxadxa + dzdz)

xa boundary flat coordinates

z radial coordinate

R = 1
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δSAdS

δΦ
= 0

Φ(x, z) ∼ zd−∆Φsh(x)

∆ =
d

2
+

√
m2 + (s+

d− 4

2
)2

RRM, 2003
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Use solution corresponding Φsh

SAdS(Φ) ≡ Seff(Φsh)

⟨Φcur(x1) . . .Φcur(xn)⟩

=
δnSeff

δΦsh(x1) . . . δΦsh(xn)

correlation functions from AdS
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correlation function from CFT

ϕSYM fields of boundary conformal theory, e.g. SYM

S(ϕSYM)

Φcur = Φcur(ϕSYM)

V =
∫

ddx Φsh(x)Φcur(x)

e−Scft =
∫
DϕSYMe−S(ϕSYM)+V
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AdS/CFT

Seff(Φsh)
?
= Scft(Φsh)
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Long-term motivation

Computation of Seff(Φsh) for superstring theory

Find helpful gauge conditions

de Donder like gauge ? (Helpful for computation

loop corrections)

Light-cone gauge ? (Green-Schwarz computations

in superstring theory)
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Seff(Φsh) for low spin fields

via AdS/CFT

1998− 1999

scalar field GKP,Witten

massless spin-1 Freedman et.al.
massless spin-2 Liu, Tseytlin

massive spin-1 Mueck,Viswanathan
massive spin-2 Polishchuk
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Goal

Find

Seff(Φsh)

for arbitrary spin fields

by using AdS/CFT
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scalar

S =
∫
ddxdzL

L =
1

2

√
g(gµν∂µΦ∂νΦ+m2Φ2)

Φ = z
d−1
2 ϕ
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scalar

L =
1

2
|∂aϕ|2 +

1

2
|Tνϕ|2

Tν ≡ ∂z +
ν

z

ν =

√√√√√m2 +
d2

4
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scalar

Solution to Dirichlet problem

�+ ∂2z −
ν2

z2

ϕ = 0

ϕ(x, z) z→0−→ z
−ν+1

2 ϕsh(x)

ϕ(x, z) z→∞−→ 0
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scalar

Solution to Dirichlet problem

ϕ(x, z) =
∫
ddyGν(x − y, z)ϕsh(y)

Gν(x, z) =
zν+

1
2

(z2 + |x|2)ν+
d
2
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scalar

Seff =
∫
ddxLeff |z→0

Leff = ϕTνϕ
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scalar

Effective action

Seff = c0

∫
ddx1d

dx2 Γ12

c0 = ν, ν =

√√√√√m2 +
d2

4

Γ12 =
ϕsh(x1)ϕsh(x2)

|x12|2ν+d

|x12|2 = (x1 − x2)
a(x1 − x2)

a
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spin-1

L = −
1

4
FABFAB

FAB = DAϕB −DBϕA
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spin-1

bulk so(d, 1) → boundary so(d− 1, 1)

ϕA = ϕa ⊕ ϕz

ϕ ≡ ϕz

ϕ+ ≡ ϕ0 + ϕd−1
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Popular (and important !) gauge conditions

ϕ = 0 radial gauge

ϕ+ = 0 light-cone gauge

DAΦA = 0 Lorentz gauge

0-



spin-1

standard Lorentz gauge

DAϕA = 0

leads to

coupled equations

(�+ ∂2z −
m2

1

z2
)ϕa + ∂aϕ = 0

(�+ ∂2z −
m2

0

z2
)ϕ+ ∂aϕa = 0
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“Technical” problems with standard

Lorentz and de Donder gauge conditions

1) Coupled equations

2) For spin 2, 3, 4, .....

solutions are expressible

in terms of Whittaker, Heyn functions

Little is known about Heun functions

asymptotic behavior ???

recurrent relations ???
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spin-1

Modified Lorentz gauge

DAϕA+
2

R
ϕ = 0

RRM, 1999

Polchinski and
Strassler 2001

gives

Decoupled equations
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spin-1

Decoupled equations

(�+ ∂2z −
ν1

2

z2
)ϕa = 0

(�+ ∂2z −
ν0

2

z2
)ϕ = 0

ν1 = d−2
2 , ν0 = d−4

2

0-



spin-1

Solution to Dirichlet problem

ϕa(x, z) =
∫
ddyGν1(x − y, z) ϕa

sh
(y)

ϕ(x, z) =
∫
ddyGν0(x − y, z) ϕsh(y)

Gν(x, z) ≡
zν+1/2

(z2 + |x|2)ν+
d
2
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spin-1

Seff =
∫
ddxLeff |z→0

Leff = ϕaTν1ϕ
a + ϕTν0ϕ

Tν = ∂z +
ν

z
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spin-1

Effective action

Seff =
∫
ddx1d

dx2Γ12

Γ12 =
ϕa
sh
(x1)ϕ

a
sh
(x2)

|x12|2(d−1)

+
ϕsh(x1)ϕsh(x2)

|x12|2(d−2)
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Modified Lorentz gauge for bulk AdS fields

DAϕA + 2ϕ = 0

has left-over gauge symmetry

δϕA = ∂Aξ

(�+ ∂2z −
ν1

2

z2
)ξ = 0

ξ(x, z) =
∫
ddyGν1(x− y, z) ξa

sh
(y)
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Modified Lorentz gauge for bulk AdS fields

DAϕA + 2ϕ = 0

leads to

differential constraint for shadow fields

∂aϕash + ϕsh = 0

Gauge symmetry of differential constraint

δϕa
sh

= ∂aξsh

δϕsh = −�ξsh
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Γ12 = ϕa
sh
(x1)

Oab
12

|x12|2(d−1)
ϕb
sh
(x2)

Oab
12 = ηab − 2

xa12x
b
12

|x12|2
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Light-cone frame

xa = x+, x−, xi , i = 1, . . . d− 2

x± = xd−1 ± x0

ϕa = ϕ+ , ϕ− , ϕi

ϕ+
sh

= 0 light-cone gauge

Solution to differential constraint

ϕ−
sh

= −
∂j

∂−
ϕj
sh

−
1

∂−
ϕsh
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Light-cone gauge fixed Seff

S
light−cone
eff =

∫
ddx1d

dx2 Γ
light−cone
12

Γlight−cone
12 =

ϕi
sh
(x1)ϕ

i
sh
(x2)

|x12|2(d−1)

+
ϕsh(x1)ϕsh(x2)

|x12|2(d−2)

ϕish , ϕsh unconstrained fields
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Intermediate Conclusions

1) Use of Modified Lorentz gauge leads to generalized
gauge invariant formulation of CFT

2) Standard formulation of CFT and light-cone gauge
CFT are obtained by using Stueckelberg gauge fixing
and light-cone gauge
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Spin-2

Einstein equation for hAB

D2hAB + . . . = 0
Standard de Donder gauge

DBhAB −
1

2
DAh = 0

leads to coupled EOM
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Spin-2

modified de Donder gauge

RRM, 2008

DBhAB −
1

2
DAh + 2hzA − ηzAh = 0

leads to decoupled equations

so(d, 1) =⇒ so(d− 1, 1)

hAB = hab ⊕ hza ⊕ hzz

ϕab ≡ hab + ηabhzz , ϕa ≡ hza , ϕ ≡ hzz
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spin-2: Decoupled equations

(�+ ∂2z −
ν2

2

z2
)ϕab = 0

(�+ ∂2z −
ν1

2

z2
)ϕa = 0

(�+ ∂2z −
ν0

2

z2
)ϕ = 0

ν2 = d
2
, ν1 = d−2

2
, ν0 = d−4

2
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Spin-2
Solution to Dirichlet problem

ϕab(x, z) =
∫
ddyGν2(x − y, z) ϕab

sh
(y)

ϕa(x, z) =
∫
ddyGν1(x − y, z) ϕa

sh
(y)

ϕ(x, z) =
∫
ddyGν0(x − y, z) ϕsh(y)

Gν(x, z) ≡
zν+1/2

(z2 + |x|2)ν+
d

2
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Spin-2. Effective action

Seff =
∫
ddxLeff |z→0

Leff = ϕabTν2ϕ
ab + ϕaTν1ϕ

a + ϕTν0ϕ

Tν = ∂z +
ν

z

ν2 =
d

2
, ν1 =

d− 2

2
, ν0 =

d− 4

2
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Spin-2
Effective action

Seff =
∫
ddx1d

dx2 Γ12

Γ12 =
ϕab
sh
(x1)ϕ

ab
sh
(x2)

|x12|2d

+
ϕa
sh
(x1)ϕ

a
sh
(x2)

|x12|2(d−1)

+
ϕsh(x1)ϕsh(x2)

|x12|2(d−2)
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Modified de Donder gauge for bulk AdS fields

DBhAB −
1

2
DAh+ 2hzA − ηzAh = 0

leads to

differential constraints for shadow fields

∂bϕab
sh

+ ∂aϕbb
sh

+ ϕa
sh

= 0

∂aϕa
sh

+ �ϕaa
sh

+ ϕsh = 0

ϕaa
sh

can be gauged away

∂bϕab
sh

+ ϕa
sh

= 0

∂aϕa
sh

+ ϕsh = 0
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On-shell left-over gauge symmetries of bulk AdS fields lead
to gauge symmetries of shadow fields

δϕab
sh

= ∂aξb
sh

+ ∂bξa
sh

+ ηabξsh

δϕa
sh

= ∂aξsh + �ξa
sh

δϕsh = �ξsh

ϕaa
sh

is Stueckelberg field

ϕa
sh
, ϕsh are not Stueckelberg fields
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Arbitrary spin-s AdS field

ΦA1...As

Fronsdal action for free fields

Vasiliev theory of interacting fields
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Impose modified de Donder gauge

DAΦAA2...As −
1

2
DA2ΦAAA3...As

+2ΦzA2...As − ηzA2ΦAAA3...As = 0

Decompose

so(d, 1) −→ so(d− 1, 1)

ΦA1...As = Φa1...as

Φa1...as−1

. . . . . .

Φa1a2

Φa1

Φ
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ϕa1...as = Φa1...as + . . .

ϕa1...as−1 = Φa1...as−1 + . . .

. . . . . .

ϕa1a2 = Φa1a2 + . . .

ϕa = Φa1

ϕ = Φ

Decoupled equations

(�+ ∂2z −
νs′

2

z2
)ϕa1...as′ = 0

νs′ = s′ +
d− 4

2

ϕa1...as′(x, z)=
∫
ddyGνs′(x− y, z)ϕ

a1...as′
sh (y)
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Seff =

∫
dxd

1dx
d
2Γ12

Γ12 =
ϕa1...as

sh ϕa1...as

sh

|x12|2(s+d−2)

+
ϕa1...as−1

sh ϕa1...as−1

sh

|x12|2(s+d−3)

+ ...........

+ .............

+
ϕa
shϕ

a
sh

|x12|2(d−1)

+
ϕshϕsh

|x12|2(d−2)
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Use of differential constraints for shadow fields leads to

Γ12 = ϕ
a1...as
sh (x1)

O
a1b1
12 . . . Oasbs

12

|x12|2(s+d−2)
ϕ
b1...bs
sh (x2)

Oab
12 = ηab − 2

xa12x
b
12

|x12|2

0-



Massless: Normalization factor

Seff = c(s, d)
∫
ddx1d

dx2Γ12

RRM, 2009

c(s, d) =
(2s+ d− 3)(2s+ d− 4)

2s!(s+ d− 3)

c(1,d) =
1

2
(d− 2) Freedman et.al.

c(2,d) =
d(d+1)

4(d− 1)
Liu, Tseytlin
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Generalization to massive fields is straightforward

use gauge invariant formulation with Stueckelberg fields

L = −
1

4
FABFAB −

1

2
(∂Aφ+mϕA)2

FAB = DAϕB −DBϕA

δϕA = ∂Aξ

δφ = −mξ

DAϕA + mφ+ 2ϕz = 0
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Massive: Normalization factor

Seff = c(m, s, d)
∫
dxd1dx

d
2Γ12

c(m, s, d) =
κ(2κ+2s + d − 2)

s!(2κ+ d − 2)

κ ≡
√√√√√m2 + (s +

d − 4

2
)2

RRM, 2011
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Mixed-symmetry fields in AdS(5)

unitary highest weigh representations of so(4,2)

so(2)⊕ so(4) so(4) = su1(2)⊕ su2(2)

E0, j1, j2

E0 > j1 + j2 + 1 , j1j2 = 0

self-dual massive fields

E0 = j1 + j2 + 2 , j1 ̸= 0 , j2 ̸= 0

mixed-symmetry massless fields

E0 > j1 + j2 + 2 , j1 ̸= 0 , j2 ̸= 0

mixed-symmetry massive fields

j1 ̸= j2 mixed-symm

j1 = j2 totally-symm
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Lagrangian formulations of mixed-symmetry fields

Massless and self-dual massive in AdS5

light-cone gauge RRM 2002

Massless in AdSd+1

frame-like Alkalaev, Shaynkman, Vasiliev 2005

Massless in AdS5

frame-like Alkalaev 2005

Massive in AdS5

light-cone gauge RRM 2004

Massive in AdSd+1

frame like Zinoviev 2009
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Light-cone gauge fields in irreps so(4) = su(2)⊕ su(2)

ϕm1,m2

m1 = −j1,−j1 +1, . . . , j1 , m2 = −j2,−j2 +1, . . . , j2
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|ϕ⟩ =
j1∑

m1=−j1

j2∑
m2=−j2

uj1+m1

1 vj1−m1

1 uj2+m2

2 vj2−m2

2√
(j1 +m1)!(j1 −m1)!(j2 +m2)!(j2 −m2)!

ϕm1,m2|0⟩

Oscillators

uτ , ūτ , vτ , v̄τ , τ = 1,2

[ūτ , uσ] = δτσ, [v̄τ , vσ] = δτσ

ūτ |0⟩ = 0 , v̄τ |0⟩ = 0 , u†
τ = ūτ , v†τ = v̄τ
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S =
∫
d5xL , d5x ≡ dx+dx−dx1dx2dz

L = ⟨ϕ|(�+ ∂2z −
1

z2
A)|ϕ⟩

� = 2∂+∂− + ∂i∂i , i = 1,2

A = ν2 −
1

4

ν = κ+ S1 − S2 , κ ≡ E0 − 2

S1 =
1

2
(Nu1 −Nv1) , S2 =

1

2
(Nu2 −Nv2)

Nuτ
≡ uτ ūτ , Nvτ

≡ vτ v̄τ
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L =
j1∑

m1=−j1

j2∑
m2=−j2

Lm1,m2

Lm1,m2
= ϕ†

m1,m2

(
�+ ∂2

z −
1

z2
((κ+m1 −m2)

2 −
1

4
)

)
ϕm1,m2
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Two-point function

|ϕ(x, z)⟩ = σν

∫
d4y Gν(x− y, z)|ϕsh(y)⟩

Gν(x, z) =
cνz

ν+1

2

(z2 + |x|2)ν+2

cν ≡
Γ(ν +2)

π2Γ(ν)

σν ≡
2νΓ(ν)

2κΓ(κ)
(−)S2
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−Seff = 2κcκΓ
sh−sh

Γsh−sh =
∫
d4x1d

4x2Lsh−sh

Lsh−sh ≡ ⟨ϕsh(x1)|
fν

|x12|2ν+4
|ϕsh(x2)⟩

fν ≡
4νΓ(ν +2)Γ(ν +1)

4κΓ(κ+2)Γ(κ+1)

|x12|2 ≡ xa
12x

a
12 , xa

12 = xa
1 − xa

2
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ν = κ+ S1 − S2 κ = E0 − 2

κ− κint = −2ε , κint − integer

1

|x|2ν+4
ε∼0∼

1

ε
�νintδ(4)(x)

νint ≡ κint + S1 − S2
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Γ
ε∼0∼ 1

ε
ϱκint

∫
d4x L ,

L = ⟨ϕ|�νint|ϕ⟩

νint ≡ κint + S1 − S2

κint = j1 + j2 +N, j1j2 = 0, N = 0, 1, . . .

self-dual conformal fields

κint = j1 + j2, j1j2 ̸= 0

short mix-sym. conformal fields

κint = j1 + j2 +N, j1j2 ̸= 0, N = 1, 2, . . .

long mix-sym. conformal fields
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Long conformal field

L =
j1∑

m1=−j1

j2∑
m2=−j2

ϕ†
m1,m2

�j1+j2+N+m1−m2ϕm1,m2
N = 1,2, . . .

NC
DoF = (2j1 +1)(2j2 +1)(j1 + j2 +N)

Short conformal field

L = L1 + L2

L1 =

j1∑
m=−j1+1

ϕ†
m,j2

�j1+mϕm,j2

L2 =
j2∑

m=−j2+1

ϕ†
−j1,−m�

j2+mϕ−j1,−m

NC
D.o.F = j1(2j1 +1)+ j2(2j2 +1)
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