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Motivation

» Different formulations of a theory are useful for revealing its different
properties and features

o Metric-like formulation (Fierz & Pauli ‘39, ... Weinberg ‘64, ...Fronsdal ‘78,...)

gmn (X) — (Dml-nms (X) J &Dml---mS = 6(ml§m2---ms) (X)

R® =00 (X) - Higher spin curvatures

o Frame-like formulation (Vasiliev ‘80, Aragone & Deser ‘80 ...)
m.a m __ab M 8y...85_ m __a..as4,b.. _ (s) _ s-1,5-1
dx"e., dX"w, = dx"e =t dx et (t=1..,s-1), RY =dw

- Unfolded HS dynamics

- Vasiliev non-linear HS equations involve infinite number of fields

4dHs fields: w(x,y,y)= D, X"y (X) Y, Y, T,
k,j=0

extension of 4d space-time with spinorial (twistor-like) directions



Motivation

We will be interested in a different hyperspace extension which also
incorporates all 4d HS fields - an alternative to Kaluza-Klein.

Free HS theory is a simple theory of a “hyper” scalar and spinor

which posses an extended conformal symmetry

e Study of (hidden) symmetries can provide deeper insights into the
structure of the theory and may help to find its most appropriated
description

> HS symmetries of HS theory are infinite-dimensional. They control in a very
restrictive way the form of the non-linear equations and, hence, HS field
interactions

* Question: what is the largest finite-dimensional symmetry of a HS
system and can we learn something new from it?

o extended conformal symmetry

o the description of the HS system with CFT methods



Sp(8) symmetry of 4d HS theory (Fronsdal, 1985)

SO(L,3) = SO(2,3) = SO(2,4) = Sp(8,R)
SO(2,3) ~ Sp(4, R)

Sp(8) acts on infinite spectrum of 4d HS single-particle states (s=0, 1/2, 1, 3/2, 2,...)
this is a consequence of Flato-Fronsdal Theorem, 1978:

Tensor product of two 3d singleton moduli comprises all the massless spin-s fields in 4d

Singletons are 3d massless scalar and spinor fields which enjoy 3d conformal symmetry
SO(2,3) ~ Sp(4)

S®S = Sp(4)xSp(4) < Sp(8)

Can Sp(8) play a role similar to Poincaré or conformal symmetry acting geometrically
on a hyperspace containing 4d space-time?

Whether a 4d HS theory can be formulated as a field theory on this hyperspace!?

‘Geometrically’ means: 5, X" =a" +1" x" +bx™ +k"x* — 2k x"x"

Fronsdal ’85:
minimal dimension of the Sp(8) hyperspace (containing 4d space-time) is 10



Particles and fields in Sp(8) hyperspace

* |t took about |5 years to realize Fronsdal’s idea in concrete terms

Bandos & Lukierski ‘98: Twistor-like (super) particle on a tensorial space

(their motivation was not related to HS theory, but to supersymmetry)

Most general N=1 susy in flat 4d: {Q,_,Q,}= )/;nﬂ P+ 7;ngzmn, [P..,Z,]=0
m m
j/aﬂ = }/ﬂa’ a’ﬂ :1’2’3’4
10d space ~ Pn X" (4d coordinates), Z_. — y™ =—y" (6 extra coordinates)
coordinates: X @ = X /% = Lx™y ; Ly™yal Ay 4 matrix coordinates

Superparticle action: S = j.df ﬂa;tﬂ (X ap _igaéﬂ), A, commuting twistor-like variable

possesses hidden (generalized superconformal) symmetry  OSp(1|8) o Sp(8)

Quantization (Bandos, Lukierski & D.S. ‘99)

0 .
(ax i Ilaﬂﬂjq)(x ,A) =0 - describes in 4d free fields of any spin s=0, 1/2, 1, 3/2,2, ...

* P West '07 E(Il)and Higher Spin Theories in M-theory



Field theory in flat Sp(8) hyperspace

Field equations in flat hyperspace (Vasiliev 01):

2
Forier transform C(X,é:) :J.d4l e'i"éad)(x,}t) — 0 i 0 C(X,gg) =0 Free unfolded
X 0L DE” equations
C(X, &) =h(X)+&“f, (X)+ D &..&%C, , (X)
b(X) and f_ (X) are independent scalar and spinor hyperfields satisfying the equations:

Section condition in generalized
geometry of M-theory (Berman et. al.)

(00p0y5 =005 ) D(X) =0 L PhY) e 0D Y)
0ysf,(X) =0, 1,(X)=0 XY™ oy™oy"

4d content of b(X) and f_(X) are Higher-Spin curvatures (Vasiliev 07, Bandos et. al. 05):

(X = X" =Xyl 4 Ly ™yl

ay fﬂ

Integer spins:  D(X", y™) = @(X) + Fr, (XY™ + (R pq (X) =2 7mp0n0e@) Y Y™ +...
/s integer spins: T (X", y™) =y (x) + (W2, ()~ 10, (r,9)" y™ +...

Eoms and Bianchi: 9°¢=0; 0yF,;=0, 0"F,=0; R 0=0#7™R, ., =0;



Sp(8) transformations in hyperspace
(symmetries of the field equations)

Conformal transformations: 3, X" =a" +1™ x" +bx™ +k™x* — 2k x"x"

Sp(8) transformations: s, X =a®” +29'% X7 - Xk ;X%

sb=-6 X3, b-1(g,* —k,,X )b,
5, == X70,,f \&(g,% —k, ,X)f, —(g,” —k ,X")f,

\

conformal weights of the fields

Sp(8) generators:

p - O , Lﬁzzxﬂyi, KeP = XarXr =
P X P “ OX 7 OX 78

generators of GL(4)

[P,P]=0, [K,K]=0, [P,K]=L,
[L,L]=L, [L,P]=P, [L K]=K

. Sp(8)
. P=
Hyperspace is a coset space GL(4)x) K




Hyperspace extension of AdS(4)

(Bandos, Lukierski, Preitschopf, D.S. ’99; Vasiliev ‘01)
e 10d group manifold Sp(4,R) ~ SO(2,3)

L= Sp(4) Sp(4) = Sp(8) =P+ K - different Sp(8) coset
SO(1,3) GL(4)x)K

Like Minkowski and AdS(4) spaces, which are conformally flat,
the flat hyperspace and Sp(4) are (locally) related to each other
by a “generalized conformal” transformation

Sp(2M) group manifolds are GL-flat (Plyushchay, D.S. & Tsulaia ‘03)

Algebra of covariant derivatives on Sp(4):
[Vaﬁ’ V}/5] - % (C Va)ﬁ + Cﬂ(;fvé')a)’ C
0

OX P’

= _Cﬂa, I - is Sp(4) (or AdS4) radius

a(y ap

Vs = GayGﬂ(s G/(X)=06"+L1X7; Qaﬂ(X) = Gy‘l"‘G;ﬂdX 75 Sp(4) Cartan form

GL-flatness is important for the relation between the field equations in flat and Sp(4) hyperspace



HS field equations in Sp(4)

(Didenko and Vasiliev ‘03; Plyushchay, D.S. & Tsulaia ‘03)

Flat hyperspace equations:
(aaﬂ675 _aayaﬂé‘) b(X) - 0
8,,f,(X)-2,,f,(X)=0

Sp(4) field equations (Plyushchay, D.S. & Tsulaia ‘03) :

Fermi: Va/;Fy - Va;/F,B = ﬁ (Cﬂ(a F;/) - Cy(a Fﬂ))

Bose: V_V B-V_V B=5(C, VvV

ay ' po

—C, V., —C, V. B+ (C

a)p B Y e By Y a) 32r2 C5)J/_C C5)ﬁ)B

a(p a(y

Generalized conformal relations between flat and Sp(4) hyperfields
(Florakis, D.S. & Tsulaia ‘74)

B(X)=+detGb(X), F,(X)=+detGG/f,(X), G/=8/+LX/



Sp(8) invariant correlation functions

In flat hyperspace (Vasiliev ‘01, Vasiliev & Zaikin '03) (also Didenko & Skovrtsov 12)

conformal weight

(b(X;)b(X,))= Cbb(det\xl—xz\)© /\1

<fa (Xl) fﬂ (X2)> =Cq (Xl - Xz);lﬁ(det‘xl - XJ)@

(D(X,) B(X 1) B(X2)) = Gy (dE]X, — X * (det]X, — Xo[) * (detX, — X, ) *

In Sp(4) hyperspace (Florakis, D.S. & Tsulaia ‘14)

(B(X,) B(X,)),s) =AELG(X,) {detG(X,) (B(X,)b(X,))
(F (XD Fy(Xp),,, =+/detG(X)) JdetG(X,) G, (X)) G," (X,) (f, (X)) £, (X,),.

(B(X,) B(X;) B(X3))g, s, = etG(X,;) {det G(X,) \/det G(X,)(b(X,)b(X,) b(Xy)) 1

G/(X)=8/+1 X/

4r o




Four-point functions

- O( Xy Xo: X, X)) =6 o (22,
Bosonic: (X1, X2, X5, Xy 42H det\XwD y (2.7)
7,8<g

X ) aff _ y of afs
where z, 2z’ are the two independent cross-ratios X =X X

1X12\|X34|> ) <|X12||X34\>
g=deb e ) 58 =det | o )
(‘XlsHXM\ | Xo3|| X14]

Crossing symmetry then implies the constraint

~ 1 2 ~(z 1

4] N=d|(Z.Z | =& 0
(#e) (z’z) (z”z’)

(Fu(X1) Fy (X2)Fo(X3)Fo (X)) prat = [T s det | Xis |73 [(Xa2) 5k (Xa0) ;2 @12, 34 (2, 2)
—(X13) 5 (X24);0 ®1324(2, 2') 4+ (X14) 5,5 (X23),; P1a23(2, 7)) .

Fermionic:

As before, the functions ®;; xe(2, 2') are indeterminate functions of the crossing ratic
strained by crossing symmetry to satisfy

1 .2 o
P1234(z, ') = P1324 (— —> D423 (— —,) ;
Z 2 Z 2



Supersymmetry in hyperspace

D(X,0) =b(X)+ f,(X)0* +auxiliary fields
D,=-2-+i0’9,, {D, D,}=2i0,,=2Py" +Z, v

a pp”
[D,,D;1®(X,0)=0 - OSp(Y8) - invariant equations of motion

Higher spin fields form an infinite dimensionsal D=4 supermultiplet

Osp(1]8) — invariant correlation functions of scalar superfields

(©(X,,6)D(X,,6,)) =c,(|det Z,, )
(0% (X,,6)0% (X, 0,0 (X, 6,)) = C3(| det Z,, )™ (| det Z, )™ (| det Z,, ) ™

aff _ y of af i pepB i pBpe
Z7 =X - X -50°00 - 1070



Conclusion

Free theory of the infinite number of massless HS fields in 4d flat and AdS4
space has generalized conformal Sp(8) symmetry and can be compactly
formulated in 10d hyperspace with the use of one scalar and one spinor field.

Higher dimensional extension to Sp(2M) invariant hyperspaces is
straightforward (Bandos, Lukierski, D.S. ‘99, Vasiliev "01,.., ...)

known physically relevant cases are

M=2 (d=3), M=4(d=4), M=8 (d=6), M=16 (d=10)

describe conformal HS fields in corresponding space-times.
M=32, d=11 - M-theory and E(I 1) (P. West "07)

Is there any relation to Doubled Field Theory?
Supersymmetric generalizations are available

(Bandos et. al, Vasiliev et. al., Ivanov et. al., P. West, Florakis ez. al...)

Main problem: Whether one can construct an interacting field theory in
hyperspace which would describe HS interactions in conventional space-time

> Attempt via hyperspace SUGRA (Bandos, Pasti, D.S., Tonin "04)

Hyperspace formualtion of HS fields was extended to incorporate one-form
gauge connections [in unfolded setting] (Vasiliev '07)



