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Introduction

Infinite towers of free massless fields in the 4d HS gauge theory
exhibit sp(8) D su(2,2). C. Fronsdal (1986)
Manifestly sp(8) symmetric geometric realization of field equations
of massless fields of all spins was actively studied I. Bandos and J. Lukier-
ski, (1999) ; 1. Bandos, J. Lukierski and D. Sorokin, (2000); M.A. Vasiliev, (2001), (2002), (2008)
M. Plyushchay, D. Sorokin and M. Tsulaia, (2003); V. E. Didenko and M. A. Vasiliev, (2004);
S. Fedoruk and J. Lukierski, (2013); I. Florakis, D. Sorokin and M. Tsulaia, (2014)...
Attempts to extend the formalism to HS interactions 1 Bandos, X. Bekaert
J. A. de Azcarraga, D. Sorokin and M. Tsulaia, (2005)
Full nonlinear system of HS equations is not manifestly sp(8) symmetric.
HS interactions are shown to necessarily break sp(8) down su(2,2).
Unfolded description of current HS interactions can be understood as
a deformation of the two independent 4d linear systems for rank-one
fields and rank-two currents . Each of these systems is sp(8) symmetric,

but sp(8) is not preserved by the deformation.



Unfolded dynamics

Unfolded dynamics controls symmetries in a system M.Vasiliev (1988)
Unfolded formulation of a linear or nonlinear system of partial
differential equations and/or constraints in a d-dimensional
manifold M%(z?) (n=0,1,...d — 1)
dW®(z) = GP(W(2)) , d=dn
Oz

W®(z) : set of degree pg-differential forms.

GCD(W) = Z fq)leQnWQl AL AW

f®a,..q, - structure coefficients.

b
Generalized Jacobi identity G2(W) A 25 {0 =0

Gauge transformation sW®(z) = de®(x) + 8{2(:13)8(;";[/(3/(;:;))

Parameter ?(z) is a (pg, — 1)-form



vacuum

w® : only one-forms = Unfolded equations — Flatness condition
1
dw® + Efg‘,ywﬂ AwT =0

General Jacobi identity = Jacobi identity = f% defines Lie algebra g.

Gauge transformation

dw*(x) = De%(x) := de“(x) + fg‘vwﬁ(a:)sfy(az) .

A flat connection w(xz) is invariant under the gauge transformation

with the covariantly constant parameters
De%*(x) =0

e%(x) can be reconstructed in terms of c%(xg) at any given point zg
e%(xg) are the parameters of the global symmetry g.
w®- vacuum flat connection of the Lie algebra g.

Background geometry is coordinate independent.



Linearized unfolded equations

In the perturbative analysis, w?® is assumed to be of the zeroth order.

Differential forms W® = w® 4+ w® are small perturbations around w.

If w'(z) have a given degree p; = G' = —w*(Ta)’; Aw’.

General Jacobi identities = (Ta)ij form a representation T of g
in the space V where w'(z) are valued.

Linearized unfolded equation= Covariant constancy condition
Dw' := duw’ + wO‘(Ta)ij Aw! =0
D is a covariant derivative in the g-module V.

Once the vacuum connection is fixed, this equation is invariant

under the global symmetry g with the covariantly constant parameters
Sw'(z) = —*(x)(Ta)' jw ().

g-invariant linear system of partial differential equations

iIs reformulated in terms of g-modules



AdSy

sp(4,R) connection w48 = P4 satisfies sp(4,R) zero curvature conditions

RAB =0, RAB = quwAB 4 ,AC A wCB’
Ap=A%Cup,  AY=CtPAp,  CueCPP =45,
Cap = —Cpy: invariant form.

Two-component spinor notations

AdS, dynamics is described by the Lorentz connection w®3, @8
and vierbein ¢ .

AdS, : space with matrix coordinates z°® = xﬂagﬁl

and auxiliary commuting spinor variables y¢ and go"

0%5/ Hermitian 2 x 2 matrices, n=20,1,2,3, o, =1,2and o/, =1,2

Unfolded equations of massless fields in AdSy M.Vasiliev (1989)
D% (y, glz) = ea® A eaﬁ/gﬁ/éa/U(O,y | z) + % A eﬁalﬁﬁﬁaC(y, O|x)
D" C(y,glz) = 0

w(y,y|z) 1-forms, C(y,ylz) 0—forms , 95 = 8;25, 5, =0



Adjoint derivative

Dy, 7l) = D uly, 7le) = e (yady + 0af )y, Fle),  (D*)2 =0
Twisted adjoint derivative

D' C(y, §lz) = DLC(y, 7lz) + A (yagﬁ’ + 55faa)c<y, jlz), (D)2 =0

Lorentz covariant derivative

DY A(y, ylz) = dA(y, ylz) — (wo‘ﬁyaaﬁ + @ ﬂa/55'>A(y,§IfE)



conserved currents In AdSy

Rank-two unfolded equations = current equations

D! T (y,ylz) =0 OG, M.Vasiliev (2003)

Rank-r twisted adjoint derivative
D/ =d—w Byja(‘)é ’nga,aj5,+eaa <yay ,—I—(?Z@] )57;3-, i,7=1,...,r
T hree-form

QT) = of N\ b N eg g (81 82)(85/ — 35/) J (y, y|a:)|
y=y=0

IS closed by virtue of current equations
Conserved currents= bilinears of solutions (' > of rank-one

unfolded equations

In(y,ylz) = nCi1(y1,y1]lz)C2(y2, y2|x)

that solve the current equations.
Current parameters n are differential operators commuting with Dgw.

Jn(y,ylz) define bilinear conserved charges @, = /Q(jn)



Current deformation

Schematically for the flat connection D =d 4+ w

Dw—+ L(C,C,w) =0 Dw—+ L(C,C,w) +G(w,J) =0
DC =20 = DC+ F(w,J)=0
D>J =20 D>J =20
Deformed equations in AdS, Sector zero-forms O.G.,M.Vasiliev (2012)
thC —|— <€“V’yMFj5jV/j —|— e“’/gy/ﬁjajyl) |y—g—0 =0
DY J =0, DT =0
. — 0 0
Nt = y"0ta, +=Ng, F* =F%, O4 ~ +
dy1  Oyo
. . k
+ 0 n 2m—n (N—|—N—‘|‘N—N-|-)
FPo= o | X e (VR (V)T Y .
ON L 2mSn>0 >0 E'(k+2m 4+ 1)!

an,m . arbitrary coefficients,
lan.m| reflect freedom in normalization of currents of different spins.
Phases of anm can be understood as resulting from

electric-magnetic-like duality transformations for different spins.



In terms of two-component spinors u(2,2) connections are

/ /
(676 —
h ,waﬁ, walﬁ , faa"

u(2,2) flatness conditions lead to zero curvature conditions
R = dn®¥ — w2 A — @ F An =0
/
Raﬂl = dfozﬁ’ + wa’ A f,yﬁl -+ wﬁﬂ N fa’y’ =
Ro® = dwa® +wa Awy® — foy ARTP =0

R g dwa/B/ + woﬂl N w,y/ﬁl — f’yo/ N h,YB/ =0

Oé,

Traceless parts w’.” and wl_~# of w.,’ and w_ " describe the Lorentz
connection. Traces are associated with the gauge fields

1 _ 1
b= —(wao‘ + wa,a’) and b = E(w“a — wa,a’) .

2
su(2,2) connections are ho | LB wéfﬁ’ b; b=20
AdS4, geometry is described by the Lorentz connections and vierbein e

of sp(4,R) C u(2,2) via the substitution

y Jaao

/ /
o ax —_

o
|
o
|
)



Rank -r unfolded equations

Dy C(y,glz) =0

Dyl =d — wheb Joza]ﬂ Laﬁgja &, + ot ¥i" 6% 4 hoe! % 5, or%ij T
4+ bD, + bH, (.,7=1,...7)

describe u(2,2) invariant 4d massless fields, while

DreyC(y, glz) =0, Driy = Dril;_

describe su(2,2) invariant 4d massless fields.

Hy = %(yjaaja — gjo"éja/) rank-r» helicity operator

Dy =1+ %(yﬂ@ja -+ gj&’éja,) rank-r dilatation operator
C(y,y|z) - generalized Weyl tensors.
Conformal dimension A = eigenvalue of D,

Spin-s rank-r primary field A =r + s

1,...,r



Conformal invariance of the deformation

Conformal deformed equations

DtvC + (hW’qujéj,/j + hW’g,,,FjajVI> ‘ =0,

y=y=0

\ Dy 7 =0, DyMWT =0
Consistency follows from the properties of the gluing operators.
Cancellation of the F-dependent part of the bh term

1 ——+ 0
bhH {1 —(3 Nt~ 4N )
1

8
_ = N*E Nt 2 )}F B = 0
2( + 8Ni+ ONT i

y*=y+=0

First term that results from dh* via flatness conditions, accounting

for the conformal dimension of the frame field hW', compensates the

difference between the rank-one and rank-two vacuum contributions

to the conformal dimensions.
T his proves consistency of the conformal deformation and hence

its conformal invariance.



Inconsistency of the u(2, 2)-extension

DlﬁwC’ + (h'm/y,qugjylj + h“”’gyffj(‘)jyI) ‘ =0,
X y=y=0
\ Dol J =0, DoiWI =0

Consistency demands

~ / L 9 ~t 0 4+ 0 ~Lt 0 1. —
However it equals to QEhW/qujéjV/j ‘yi—gi—o # 0

Vacuum contributions in the first and the second terms do not

cancel because the helicity operator counts degree of y

minus degree of y while the gluing operator ~ y%

Compensation of the non-zero term by adding some 5G7|yi_gi_o ?
Consistency demands

75 — 7.t — 7.t

bFI0;,T| e = bDluwGﬂyi:gi:o = bDlﬁg“Gﬂyi:gi:O

— Original deformation is a full D!¥-differential

= Original conformal current interaction is trivial, which is not true



Conclusion

sp(4) C su(2,2)C u(2,2) C sp(8)

The deformation remains consistent for the su(2,2) extension of sp(4)

but not beyond

The interactions preserve conformal symmetry but not u(2,2) C sp(8).



