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Deformed Oscillators

Yo, yp] =20 (1 +vK) o, =+,—,
{Icaya} = 07 ICQ = 17
where v € R.

e Harmonic Oscillator. Wigner 50

i 1 1
H=¢ (Yry- +y-yy), [Hys] = Y+ (H,y_] = —g Y-

e Higher spin algebra. Vasiliev 89,91
e Non-linear HS equations. Vasiliev 90,03
e AdSs3/CFT,; correspondence. Gaberdiel and Gopakumar 13

2GS A TALS  EXT6) RN G KOV M I IANA N C o variant structure constants for defc 24 april 2015

3 /18



sly algebra and hs [\

Bilinears obey slo commutation relations

l 1

Jo = 3 (Yyy— +y-ys), Jr1 = 4y:2|:

[, In] = (m —n) Jppgn, myn=—-1,0+1

Casimir operator

CQICQ(V):%(VQ—QVIC—S)

Higher spin algebra

U (sla) U (osp (1]2))

hs [\ = shs[A] =
1 2 ) 1
Cy— (N2 —1)1 c-ho-11
Structure constants. Fradkin and Linetsky 91
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Aq(2,v)

shs[A\] — is the Lie algebra associated with associative algebra Aq (2, v).
Generic element of Aq (2, v)

oo
Fu ) =Y £ ya .y, (8)
n=0 n
where fz(n) = fa1%" — totally symmetric tensor of rank n with respect

to « indices, A =0, 1.
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Aq(2,v)
Product of two generic elements of Aq(2,v) is

f(,K)xg(y,K) =

min(m,n) m—p n—p

STST AW ST A (myn,p,vK) (eap)” Ta BT o U5,

n=0m=0 p=0

m+n—2p

(9)

where A (m,n,p,vK) — structure constants for the product of two

monomials with powers m and n. Oscillators on the r.h.s. are totally
symmetrized.

e Vasiliev 89
e Pope, Romans, Shen 90
e Joung, Mkrtchyan 14
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Joung, Mkrtchyan product

1 - N
L =30 L em L ey ot
n=0

where €49 is symmetric sly tensor. The product is

o n+3—1/ n+1+1/
1 1

L(f)*L(U)222F1 2 § ; —?f) EX

n=0 ’

TL+§

% Ca1d1 o Candny(alydl - yanydny

where Caﬁ _ faﬁ + naﬁ + ga’ynéﬁevé and ¢ = §a1a277ﬁ1626a1ﬂ15a252-
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Multiplication with projector

1+ K
2

fW)xg) = f(y)*gy) Iy (13)

Yg---Yg =
m n
min(m,n) m— n—
= fom) gB(n) Z A(m,n,p,v)(€as) Ya---YaYs---ys (14)
p=0
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Even x Even. Conformal Basis

s s—1—n (TL+ s — 1)' s—
Vi =(-1) T [T, [T [T, T (15)
1s+t—1
Vs V=5 D g (mon, ) VR, (16)
u=1
with
2—u 1—u
Lyu=2 a1,
gu(m,nA)—Q((‘;))AlFSF 05 F-2 1 ° 25 x
2 5 g rstiou
i u—1
) ) O R B S B N O ER R SO N
k=0
(17)

(18)
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Even x Even. Covariant Basis

v v —p 1—p
A o mln! P 1 2 By Y 2 .
(m,n,p,v) =1 mél 3{1—m 1Zn m4+n=2p+3 ; s
2 2 2

Saalschutzian transform.

If a; +as+as+ag+1=0by +by+ b3 and (—ay) € N, then

(b2 —a1)_,, (bs—a1)_,
(b2) _,, (b3)_,,

ax b1 — a2 b1 — as as.
><4F3[b1 a1 —bstar+1 a1 —bs+tas+1 ;1 (20)

4

al az as a4.
+F5 b b2 b3 71]
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Associativity Condition

F v ya kg W ys oy = £ oy xg® M s ysrysys (21)
M — M i eng
min(m,n) m—p n—p
fotmghtn Z A(m,n,p,v) (€ap) Yo - YaUs - Up) =
m+n—2p
min(m,n—2) m-p  n-2-p
= femgfemmz | N A (mn = 2,p,0) (€ap)’ Ui - Ya U5 - Up) | Ui
p=0 R S —

(22)

A(m,n,p,u):A(m7n—27p,1/)+2i(m—p+1)A(m,n—2,p—1,1/)+
m+n—2p+3—v m+n—2p+1+v

2
A(m,n—2,p—2, - 2 — 1
FEA(m,n P V) (m=p+2)(m=p+1) m+mn—2p+3 m+mn-—2p+1

(23)
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Other structure constants

0Odd x Odd

B(m+1,n+1,p,u)=A(m,n,p,—y)—i—z(m—i—n—2p+3+u)A(m,n,p—1,—V)+

m+n—2p+5+vm+n—2p+3+v
m+n—2p+5 m+n—2p+3

+i2(m—p+2)(n—p+2)

Even x Odd

C(m,n+1,p,v)=A(m,n,p,—v)+
m+4+n—2p+3+v

+i(m-p+1) m+n—2p+3

A(m,n,p—1,-v),

Odd x Even

D(m+1,n,p,v) = A(m,n,p,v) +
m+4+n—2p+3—v
m+n—2p+3

+i(n—p+1) A(m,n,p—1,v).
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Associativity Verification

1Y v —p 1-p
F(mnpv)=aFs |1 _5 12, m+ng2p+3 251 (@)
2 2 2
Associativity condition
#}L)!p!F(m,n,p,l/) = %F(m,n—?,p,l/)ﬂ-
+2(n_p(i1)!2z;_1)!F(m,n—2,p—1,l/)—|—
t o —(1;)!_(;27)!— ) mntigip;;:i; : mﬁfﬁ@;ﬁ “F(mn = 2,p=2,0).
(28)
F(m,n—2,...,v) = Coeff. F' (m,n,p,v) + extra terms (29)
24 april 2015 13 / 18
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1st Hypergeometry F' (m,n — 2,p,v)

(1-3%),(3), (5%, (=5),

M8

F(m,n—2,p,v)=

1-m

1-n m4n—2p+3 _ :
q:O( 2 )q( 2 +1)q( 2 1)qq!
I'(a+
(a) :M (31)
¢ Tfa)
1 v v —p 1—»p
m —+ 2n — 2p 5 > Y
F ) 727’ T 2 2 ’1
(mon—2p0) = EET T 1ok 1R man s
2 2 2
v v —p 1—p
L N e B 2, s 2| @
Tmtn-2pt1t?|l-m 1-n m+4n-2p+3 ’ (32)
2 2 2
F(m,n,p,v)
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3rd Hypergeometry F' (m,n — 2,p — 2,v)

Suppose p is even p = 2N, then Saalschutzian transform

1—
_— v P )
2 2 + 2 +
(m_l) (M)
_ 2 N-1 2 JN-1 y
- 1— 1
( 2 )N—l ( 2n+1)N—1
m+n—2p+3+v m4+n—2p+5—v lig 1Jr1fp
X 4F3 m 2 n 2 m+n—% 2
D+ 5
= _ 3 = 2 o e
D) p+ B D+ 2
(33)
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3rd Hypergeometry F' (m,n — 2,p — 2,v)

p—m _ p—n +n—2p+3
_( 2 1)N71 ( 2 )N71 <m 5 >(%*p+2)
F(m7n —2p- 271}) - 1 1-n 1 m+n—2p+3—v m+n—2p+1+v x
( 2 )N—l (2 + )N—l( 2p >< 2p )
m (5 -p+1)
m_ 1>27X
(F-»+ (52) ()
2 2
m+n—2p+1+v m4n—-2p+3—v p 1—p
2 2 .
4F5 "+ L m+n-2opys 2 il -
2 P 2 P 2
m+4+n—2p+14+v m4+n—-2p+3—v P 1—p
—F- 2 2 .
aF3 m n m+n—22p+3 21 6
P PR S
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2nd Hypergeometry F' (m,n —2,p — 1,v)

Fmn—-2p—1Lv)=AF(mmn—-2p—1v)+ BF(m,n—2,p—1,v) (35)
A+B=1 (36)
@ A-term. Shifts like in F' (m,n — 2,p,v)
@ B-term. Saalschutzian transform like in F (m,n —2,p — 2,v)

To cancel extra terms

m + 2n — 2p m+ 2n — 2p
A=———"" B=1—- —1———. 37
m+n—2p+1 m+n—2p+1 (37)
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Conclusion

o All structure constants for Ag(2,v) in covariant basis are found.

o The fact that structure constants contain Saalschutzian
hypergeometric functions is crucial.

e Starting point to search for deformed oscillator star product.
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