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SUMMARY

Basics of the 4D bosonic Vasiliev's equations
Systematics of the construction of 6 families of exact solutions

» Gauge function method
» Expansion of the initial data on various $8(3,2)-modules
» Projectors and twisted projectors

Choice of Cartan subalgebra of sp(4;C) and physical significance of
solutions

» Compact/particle basis vs. conformal basis.

Conclusions



KINEMATICS

= Master-fields living on correspondence space, locally Xx Z2x Y :

W = da'W,(Y, Z|z) gauge fields of all spins + auxiliary
B = B(Y,Z|z) Weyl tensors and their derivatives = local dof
S = dz*S,(Y, Z|z) + dzo"g*d(Y, Z|x) Z-space connection, no extra local dof

» Commuting oscillators Yo = (Ya,¥s) , Za = (2a,—2&) =2 Sp(4,R) quartets

ap 0 .
[Yg,yﬁ]*zzz'(]aﬁ:zi( 505 . ) , [Za, Zpls = —2iCap,  [Ya, Zplx =0
B o ah B ap B
=  Star-product:
~ ~ AU s ~ .
F(Y,Z) « G(Y,Z) =/ ((2]77)4‘/eZV_UﬁF(Y+U,Z+U)G(Y+V,Z—V)
R
_ AN
= |nner kleinian operator «:
R o= €% Bxf(z,y) = fl—z,—y) xR, Rxk = 1
R o= kyxks, kyxf(z,y) = flz,— )my, fy*x iy = 1, 3
Ry = 27T52(y) = 2m(y1)d(y2)



4D BOSONIC VASILIEV EQUATIONS

= Full equations:

(Vasiliev)

S, = 24 — QiVa

= Manifestly consistent €< -> gauge invariant.

= Z-oscillators = auxiliary, non-commutative coordinates. Equations fix the evolution
along Z in such a way that it gives rise to consistent interactions to all orders among
physical fields.
The latter are contained in the (Z-independent) initial conditions for the Z-evolution,



EXACT SOLUTIONS: GAUGE FUNCTION METHOD

X x Y x Z-space W= L‘Al*dLA A
eqgns: ® = L' % x7(L), dd’ =0
So = L7'x S, %L, dS’ =0
- Sk ® + & xm(S,) = 0
Y x Z-space ~ _ o
. — [Saasﬁ]* = —2ieqp(l —B* P %K)
eqgns: o
—— [SOUSB]* = 0

®  Solve locally all equations with at least one spacetime component via some
gauge function, here chosen as an AdS, coset element.

AN N

&=0, So=8"=z, Sa=58"=z2, W,=099 =L+,

4dx>

_ INEH ()50 P, SO(3,2 2
L(z;y,5) = en - mt — S08D) > B = (1 — 22)2

" S0(3,1)

= Solve the twistor-space equations, then “dress” all fields with x-dependence by

performing star-products with the gauge function. 5



SOLUTION IN TWISTOR-SPACE: FACTORIZED ANSATZ

(Y, Z) = ®(Y)=F(Y)*r, =F(Y)*ky,
= Ansatz:
VIY,Z) = ViYV,2) = VIF'(Y),2) = Y (FO)**VP(2),
k=1
Via(¥,2) = Via(Y,2) = VIa(F(Y),2) = S (F'(0)* <V (z)
k=1
F' = & xk,, F = ®%iy, [F',F'], = 0

= Holomorphicity in z + [F,F']=0 ©> [$',5'] = 0.
= (V') =-V solves{S’,®'} =0 .

=  Remain: 8[(1175’] —|—X7[g*l7é] = —ieag bF' % Kk, |
~/ ~/ =~/ 7[ - —
OV +Via*Vy = —7eapbl ks

But F’ is Z-constant = eqgs. analogue to deformed oscillator problem with a &-function
deformation (just like for HS bh). With basis spinors u*, (u**u -, =1)

_ . 1 14
= ut%, w.i=2tz, (27,27 =2 - lim —e 2% % = g,
e—0 ¢

- = (1/2 b\"* [t dt  (log(1/t2)F1 i
Volé = 2 ( ) (——) / Zaelt“}'lwz * F/ *xk 6
—\ k 2) J (t+1)2  (k—1) (F)

(]




EXPANSION IN SO(3,2)-REPRESENTATIONS

= |dea: decompose @’ into (enveloping-algebra realization of) $8(3,2)-modules .
Consider functions of the Y-oscillators with definite eigenvalues of under the two
commuting generators (K, , K_) spanning the Cartan subalgebra of sp(4;C),

AN

(Y, Z) = d'(Y) e M = @ C® Py, nyjng

/ /
ni,n2,n;,n,

The generalized projectors P, = P(K,, K_) are non-polynomial functions of Y such that
Pnln/ *Pmlm/ = (5n/’mpn|m/ , Pnlm/ ~ |n >< m‘

and obeying proper reality conditions.

= On expanding the (internal) master fields as

O,2) = 3 Pa (V)3 % Opinpu (2)

n,n’ k=0,1

Vasiliev’'s equations are turned into matrix equations, and we can construct a
solution by known methods.



SYSTEMATICS OF PROJECTORS

= Focus on certain kinds of generalized projectors:

I”

> First, restrict our attention to diagonal P., = |n.,n,><n,,n,| and “skew-diagona
n|n 12" 12 12'12
Pnl-n= |n;,n,><-n,,-n, |

» Moreover, we shall only consider “symmetry-enhanced” projectors P,
depending only on one of the two Cartan generators

14¢

n—itse _ 1
Pu(K(y) = ST Pum, = A(-)"TE e @ Ll (8K,

nze—i—quné ? n

— 2(_)7?,_ 1—56 % dn (7] + 1)71 6—47]K(q) , n e 7,
C(e) 2T n— 1




I. WEYL O-FORM MODULI AND SECTORS OF HSGRA

Different families of solutions are selected by different choices of the Cartan subalgebra:
there are 3 inequivalent embeddings of s0(2),, ® su(2), in sp(4,C):
(K Kiy) = (E, )5 (J,iB); (iB,iP). [E:=Mgyo=Py; J:=Mys; Bi=Mgy; P =Py

Consider the P (K): kor the generators that anticommute with K., K=E, P, one can
obtain skew-diagonal, symmetry-enhanced projectors by %-multiplication with
- “twisted projectors” P_(K) =P _(K) * K,, satisfying the generalized projector
algebra ~ o~

73n‘k73m, — 5nm73na Pn*Pm — 6n,—m7jn

Pn *ﬁm — 5nm73n ’ 73717\'7Dm — 5n,—m73n )
—

~

Po(E) =~ |n/2;0)(—n/2;0| € Dy D}

= Projectors and twisted projectors form an ideal of the star-product algebra = possible
to expand the master-fields on this enlarged basis. Physical significance changes
with the chosen Cartan generator.



PROJECTORS AND TWISTED PROJECTORS

= Universal form of the projectors:
1 n
k) = Ny (1LY
C(e) 211 n— 1

_ Nn dn (n+ 1) e_%ya%aﬁyﬁ_%gdﬁdﬁy[é_yavaﬁ’gg
C(e) 271 n— 1

where Kis one of the possible Cartan generators,

1 a o
K = -Y2K,3Y2 Ko = (% B Tab ) .
8 — — Vap s

=  Universal form of the twisted projectors:

P = \/det C()an( 1) eXp{n sy sagy” + 50 07 + iy g s 0

= K=E,iP are purely off-diagonal e%n are singular! Projectors depending on K=
J, iB are instead “eigenvectors” of k,

10



PROJECTORS AND TWISTED PROJECTORS

= The expansion of the initial datum in projectors and twisted projectors,

®'(Y) = Y (WnPn+ n Pn)

yields the x-dependent master-field

O(z|Y) = L'x® xkyxLxk, = Z(VnL_l*Pn*L+§nL_1*ﬁn*L)*/iy

n

= The L-rotation introduces x-dependence: for singular P_, coordinates smoothen the
singularities by entering (in combinations dictated by the residual symmetries) as
parameters in the limit representation of the 6-function.

= Difference in residual symmetries: solutions based on twisted projectors inherit
the symmetries of the projectors

00(z|Y) = —[e(z|Y), 2(z|K)]r = 0 & [€(Y),Pu(K)ls = 0 = € € copap) (K)

= The analysis of residual symmetries of solutions based on projectors is slightly

more complicated.
11



PARTICLE BASIS

The couple (E,J) with |E|>J corresponds to choosing the “particle (compact) basis” of
AdS UIRs. Its LWS corresponds to the projector P, : = 4 e™“£.

PixP1 = P
1
ExP = PixE =P, _ Pi(E) ~ |1/2;0)(1/2;0] € Dy ® D}
L-%P, = 0 = Py+Lt, AU, —
M.xP, = 0 and from the point-of-view of the two-sided,

twisted-adjoint action Kx P, — P, % n(K),
P (E) o~ ‘1; O> < D(l, O)
(C.1., P. Sundell ‘08)

The 58(3,2) twisted adjoint action on P, reconstructs the projectors on all other
D(1,0) modes - the his(3,2) action gives the modes P11 = Poina(E,J) of all spin-s AdS
massless particles.

The P (E) correspond to s8(3)-invariant massless scalar modes.

The star product with k, flips the sign of energy and thus generates states with zero

energy, static > soliton-like solutions.

In fact, such states provide the local data for HS generalizations of Schwarzschild

black holes ! 12



WEYL O-FORM FOR HS BLACK HOLES

=  @’(Y) expanded in twisted projectors: ®'(Y) = Z Up Pn(E) x ky = Z Un ﬁn(Y%

= This expansion enforces the Kerr-Schild property in gauge fields: the latter are
reconstructed from curvatures in powers of (®’ % |<y)"‘n = P*rn =P,

= Projectors are f(E) 2 symmetries of an AdS Schwarzschild bh > s0(2); ® s8(3),,_ :

_dte _l4e dn (n+1\" _
JE) = 4(—1)""z e 4ELW (8F) = 2(—1)" 2 ]{ anE

* |ndeed, reinstating the x-dependence:

_ dn (n+1\"  _ 3
_ 1 / _ 1 4nE
oY) = L@ xrl)@) = S f 0 (1) L) e 1)
‘n—1
t f type-D Weyl tensors of all spins: (n) L o Ryt
a tower of type y Pl @a@s) ~ (u"u )Z(Qs)l

(Didenko-Vasiliev, ‘09, C.1.-Sundell, ‘11) - 13



WEYL O-FORM FOR MASSLESS SCALAR

=  @’(Y) expanded on projectors:

OY) =Y PuY)xky = WPu(E), (Ta)" = Uy

~ _1te dn (n+1\" . .
Po.(E) := P,(E)*xkK, = 4w(=)" 2?{ ( )5 — ino
(E) (E) * Ky (-) o 2mi =1 (y — inooy)

=  Weyl zero-form only contains a scalar (modes of an AdS massless scalar):

DY) = L (a) %@ xn(L)(z) = 3 o, » ;:72 (Zi) L7 (2) * 8*(y — inooy) * Lx) * ,

A B =
N dy (n+1\" eV Mo @mu
(z|Y) = ( x@NV 740(6) o (n—l) 1 — 2inzo + n2z?

1 — 22 _ e~

1= 2izg +22 (14 r2)1/2

44 (C.1, P. Sundell, to appear)

= Differently from bhs, one does not expect a free scalar to solve the full equations.
However, the completion to full solutions is precisely given by the bh sector!

14



CYLINDRICALLY-SYMMETRIC SOLUTIONS

" For K=, the element

_lyaeg’ yB
Pr(J) = 4e VTR YT o gemtd

again behaves as a ground state of a 2D Fock-space (a non-compact ultra-short irrep,
singleton-like but with roles of E and J exchanged, |E| < |J| instead of |E| > |J]).

= The symmetry this time is 58(2); ® $8(2,1);;, and no singularity in the Weyl tensors
Is expected.

= |ndeed, the same steps yield

d 1\"
O(z|Y) = ZV”N” » 27:2 (Zi_ 1) \L—l(a;) *x e My L(x) % Ry
(n) ey,
@25) (14 2 sin? 9)(s+1)/2 (@0 )a2s)
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CONFORMAL BASIS

=  The couple (iB, iP), with |P| > |B| corresponds to the so-called conformal basis
for AdS (U)IRs, where one singles out the Lorentz isometry algebra of the

Minkowski boundary. The highest-weight state is
_lyog’ yB .
Pi(iP) = 4de 7' 22T = 4ehP

= The expansion of ®’(Y) in projectors with K =iP encodes the scalar bulk-to-
boundary propagator

d 1\"
o) = 3o (57) S
1 — z2 z
= 4~ ~ N —_—

= The relation between the particle basis and the conformal basis is a (non-unitary)
coherent-state transformation

P1(iP) ~ G_L;*Pl(E)*GL;
16



CONCLUSIONS AND OUTLOOK

* Six infinite families of solutions, with various symmetries and physical significance have
been found via a specific factorized Ansatz and by expanding the local data in
projectors with so(3,2) eigenvalues.

* The different types of solutions are singled out by the choice of Cartan subalgebra and
of generalized projectors.

®* How to physically characterize the solutions? Important to better understand and
evaluate various HS invariants. Behaviour of certain observables on the solutions may probe
properties of the theory (e.g., existence of multi-body solutions?)

* Important related issues concerning functional classes of twistor-space elements,
and related questions of the admissibility of gauge parameters, regularity under
star-product, regularity of observables,...
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