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Nonlinear HS equations

® Nonlinear HS equations for W (X\ZA, YAk, k|dx, GA) and B (X\ZA, YAk, E):

AXW + W s W = —ifa A O (14 1B % k) — i04 A O (1+ 7B * %K) ,

dxB+ W« B— Bx W =0.
® HS star product:
fxg(Z; Y):/d4Ud4verAVAf(Y+ U;Z+U)g(Y +V;Z-V).

® |[nterior Klein operator:
s =exp (izay®), x*xx=1, sxxf(z2%y*)="Ff(—2z% —y%)*n

® Exterior Klein operator:

kk =1, kf (z%,y%,0%) = f (—z%, —y%, —0%) k.



Perturbative analysis

® AdS, background is provided by
By =0, Wo = padgs + Zab”,
where ¢aq4s - space-time 1-form of AdSs-connection

dx@ads + ¢ads * dagas = 0.

i i
Pads = —Z¢>ABYA Ye=—7, (wAB + hAB) YaYs,

® While expanding Vasiliev equations over this vacuum two types of perturbative
equations arise, in the adjoint and twisted adjoint sectors,

Aygf :=dxf + [¢Ad57 f]* —2idzf = J,

Apyf = dxf — i' [wABYAYB, fL - i' {hABYAYB, f}* —2idzf = J,

where dz := 64 5%; and A, (k) = (Awf) k.



Homotopy trick

Consider some nilpotent operator d, d? = 0. If there is a homotopy operator 9,
82 = 0, such that

A:={d,d}
is diagonalizable, then H(d) C KerA; we can introduce projector h to KerA and
A*A=AA* =1Id —h.

d* := 0A*

{d,d*}+h=1d.
This provides a general solution (if any) to df = J,

f=d*J+de+g,

where g € H(d).



Homotopy trick: de Rham

For dzy = GALA in trivial topology one can set

oz
19}
97 =2"—.
‘ 967
This gives
0 0
A=0"— + 74—

064 + ozA’

1
1
A f(Z;Y;0) = /dt?f(tZ; Y; t0).
0

hJ(Z;Y;0)=J(0;Y;0),

1
8 [ 1
dvJ(Z;Y;0 :ZA—/dt—J tZ;Y; t0).
7J( ) 504 " ( )
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Homotopy trick: spectral sequence

® While analysing HS equations, one faces spectral sequence

Af :=dzf + Df = J,

d =0, {dz,D} =0, D% =0.
® Being expanded, it adds up to zigzag system in 6-degree (fm ~ (6)™)

dzfm = Imi1,
dzfm—1 = Jm — Dfm,

dzfo = h — DA,
Dg = Jo — Dfy.
® Direct application of d7 leads to awkward expressions with to m-fold multiple
integrals.

® Can we build a proper resolution of identity to resolve Z-dependence for such
system at once?

(A, D%} + . = Id.



Adjoint case

® Adjoint AdS-derivative:
0
Dag = dx + [pads, o], = dx + ¢*P ( A= i
® Rewrite general adjoint equation
0 0 0
— inA AB
Ayyf = —2i0 87f+dxf+¢ (YA—IazA)W

as

o\ a
(0439 5vs) At = P

AB
DY, :=dx + ¢ Yasvs:

N 1 0?
Ta _ —- BC
d = &P { 2? avBaec }

A, Ll g O 0 5 A 0\ 2
b 2 (ef ) T
(9 2% 5v8 ) oz " aza ) T

® [ntroduce

then

8ZA) aYB’

=J



Adjoint case

® By virtue of [?’ad, D;;] =0 from
. a 0 51 Yy
—2iT,q (6 574 T,y f=J—Df

one gets

® |ts general solution is
f=dsJ+g+dze+DYe,
with arbitrary ¢, and g solving

DY g =hl.



Adjoint case

® In initial terms,

® Define
AL J = Tddz
HoagJ (Z,Y,0) :=

® Then from

it follows that

1J_

Taah

f=TadyT'J+g+ Ae,

Dadg = —?_adi" ?—a;lJ.

1
140 gc 02
PR —_ t7 —
2% o8 / exP( 2t "o dYBaoC
0
+~—1 7 AB 2
T} =hex ¢ 3VAS0E J(Z;Y;0).

{dz.d3} f+hf =T.

{Daa, B3} + Hog = 1d.

) J(tZ;Y; th),



Twisted case

® Twisted-adjoint AdS-derivative

Dew = dx — i' [WABYAYB,.L - i {hABYAYB,o}*
has the form

-~ AB .0 2] i ag . 9 82 52
Do = dxte (YA 27 ) aye 2" \"AYe " 2YagzE T gyvaave ~ azrozs
® Now equation is
1 0 i 1 o] o
—2i (A4 Zw* B —— — — By — thB—) —f=J-D}f,
( 2" 9YB 2 BT 4" 9zB) ozA tw

so we define

N 1 bi) i i) 1 92
T, — - Bci_thCY 7_7hBC7 .
tw = &P { 2“ 9YBagC 2 90C 4 9ZBoeC



Twisted case

® This yields
f=A%LJ+g+ Aue,
Diwg = HwJ,
where
o | 2 o’ 2
. 1 ¢ 1 Pf1—t AB, C 11—t ap
Ay o= —=7¢ 9 [ gz - h 8y, :
w 2i 396,/ rex"{ s( t )“ A agBaec T ot 4505
0
1—t 45 &2 1—t® 45 82
. - h J(tZ; Y, t0).
ex"{ 3 @ avager T ae " azraes 7| )
) - i g, c O Y 2]
Fowd = hexp{—gw ha 605605+5h YAW .

1 45 02 1 45 O
: - ——+ -h ——= 1 J(Z;Y;0).
exp{ 2% avaogs T 2" azaage 7 )

® Once again from {dz, d}}?—i— hf = f one finds that

(Do, AL} + o = Id.



Examples: free HS equations

® Vasiliev equations in the linear order

A gWi = —inBr*vy —inB1 x7,

Aaz:IBl = 0,

where v := 0,0%k. Physical equations are stored in Z-cohomology sector.

® According to {A,A*} + 5 = Id, B = C(y,y) k + c.c. is Z-independent and
obey
IDtWC(yv)-/) =0.

® In the sector of 1-forms we get

o 1 .5 02 _ _
Dagw (Y) = —ihexp (—24) IYA90E (nBy*v + 1By *7)
Elementary computation gives
Do (V) = —Sa 1 L (€ (0.5)+ E(0.7) kE) +cec.
4 ayaayﬁ



Examples: higher orders

® Acting in a similar fashion, in the second order one finds

thC = _jﬁw [WL Bl]* ’

Dygw = — ad(Wl*Wl—‘rl'nBQ*’y-‘rfﬁBg*’?).

® Now it is not difficult to write down n-th order equations

n—1
Dageo (Y) = = Hag (Wp + Wap + inBp 7 + 1By % 7).
p=1
n—1
Dew (Ck + CK) (Y) = Z%ﬂtw (W % Bpep — Bpp ¥ Wp),
p=1

n—1
Ba(ZiY) == Db (WpkBap— Bap s Wp)
p=1

n—1

W, (Z,Y) = ZAad(Wp*Wn p+ iMBn %y + ifjBn % 7) .
p=1



Conclusion

A new method to perform perturbative computations in the nonlinear HS
theory is proposed, based on the application of the homotopy trick to the
spectral sequences that arise while expanding over AdS,-background. All
presented formulas can be relatively easily obtained from certain
similarity transformations.



