
Conformal blocks and geodesic networks

Konstantin Alkalaev

Tamm Theory Department, Lebedev Physical Institute

K.Alkalaev, arXiv:1610.06717

Moscow 2016



The duality statement

Remarkably, the OPE ties monodromy of solutions around particular contours to dimen-

sions of the exchanged operators in a particularly simple way. For the degenerate primary

inserted as on Fig. 1 we find that the conformal block is dominated by (zm�y)�̃m+1��(1,2)��̃m .

By the OPE argument, moving y around zm is equivalent to moving around insertion points

of those operators which have been fused into the exchanged operator. Thus, computing the

monodromy of the above power-law function we easily find the monodromy along the contour

�k (2.1).

Indeed, using the Liouville parameterization2 we find that �(1,2) = �1/2 � 3b2/4, while

conformal dimensions of exchanged operators are related by the fusion rule as �̃m+1 � �̃m =

�b2/4 ± ibPm [21]. Then, the monodromy matrix associated with �k is given by

eM(�k) =

 
e2⇡iM+k 0

0 e2⇡iM�k

!
, M±k =

1

2
+

b2

2
± ibPk�1 . (2.2)

The classical conformal blocks arise in the limit when the central charge and conformal

dimensions simultaneously tend to infinity. Both external and exchanged dimensions �m and

�̃n grow linearly with the charge c in such a way that ratios ✏m = 6�m/c and ✏̃n = 6�̃n/c

called classical dimensions remain fixed in c ! 1. Then, the quantum conformal block is

represented as an exponential of the classical conformal block [17]. Operators with fixed

classical dimensions are heavy, while those with vanishing classical dimensions are light.
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Figure 2. The n-point conformal block. Two bold black lines are background heavy operators,

thin blue lines represent primary and exchanged perturbative heavy operators which are discussed in

Section 3.

In our case of the (n + 1)-point conformal block all operators are supposed to be heavy

while the degenerate operator is light, limb!0 �(1,2) = 1/2. Thus, in the semiclassical

limit it decouples from the other operators, while adjacent exchanged dimensions get equal

limb!0(�̃m � �̃m+1) = 0, see Fig. 1. The limiting (n+1)-point conformal block factorizes as

F(y, z|�m, �̃n)
���
c!1

!  (y|z) exp
⇥
� c

6
f(z|✏i, ✏̃j)

⇤
, (2.3)

where we denoted z = {z1, ... , zn}, function  (y|z) describes the semiclassical contribution

of the degenerate operator, while the exponential factor f(z|✏i, ✏̃j) is the n-point classical

2We change (�, c) ! (P, b) according to �(P ) = c�1
24

+ P 2 and c = 1 + 6(b + b�1)2 [21]. The limit c ! 1
can equivalently be described as b ! 0.
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presence of conical singularity breaks the global AdS3 isometry (↵ = 1) down to Abelian

isometry R � o(2) generated by two Killing vectors @t and @�. On the conformal boundary,

the Abelian isometry is enhanced to full Virasoro algebra.

w3, ✏3

w2, ✏2
w1, ✏1

wn�2, ✏n�2

✏̃n�3

✏̃1

✏̃2
.
.
.
.
.
..
..
..

..
.

Figure 3. Network of geodesic lines on the hyperbolic disk. Solid and wave lines denote respectively

external (✏m) and exchanged (✏̃k) particles, dotted lines denote the middle part of the graph. The

boundary attachment points are wm, m = 1, ... , n � 2.

A massive particle on the angle deficit space with the interval (4.1) is described by

the worldline action S = ✏

Z
d�

q
gttṫ2 + g���̇2 + g⇢⇢⇢̇2, where ✏ is a classical conformal

dimension identified with a mass, the metric coe�cients are read o↵ from (4.1), � is the

evolution parameter and the dot denotes di↵erentiation with respect to �, see Appendix A.1

for more details. The Abelian isometry guarantees that coordinates � and t are cyclic, i.e.

�S/�� ⌘ 0 and �S/�t ⌘ 0. It follows that the original mechanics can be reduced to a simpler

system described by the Routhian function, which means that we have to perform a partial

Legendre transformation with respect to �̇ and ṫ. Choosing the partial constraint ṫ = 0 we

arrive at the Routhian action, which describes a massive particle moving on the punctured

hyperbolic disk,

S =

Z
d�L , L = ✏

q
↵2 tan2 ⇢ �̇2 + sec2 ⇢ ⇢̇2 . (4.2)

The residual isometry is given by sl(2, R) at ↵ = 1 and o(2) at ↵ 6= 1.

We consider a set of massive point particles propagating around the conical singularity.

They interact to each other forming cubic vertices of worldlines. Of course, there are other

possible types of interaction including quartic and higher vertices. However, the block/length

correspondence singles out only cubic vertices. There are 2n � 5 particles corresponding to

the total number of external/exchanged lines of the dual n-point conformal block diagram

shown on Fig. 2. External n � 2 worldlines are attached to the conformal boundary at fixed

points w = (w1, ... , wn�2), where w = � + it. Exchanged n � 3 worldlines are stretched
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f1(z|ε, ε̃) = S(w |ε, ε̃)
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Classical Virasoro conformal block

The n-point correlation function of V∆i
(zi ), i = 1, ..., n can be decomposed into conformal blocks

F(z1, ..., zn|∆1, ...,∆n; ∆̃1, ..., ∆̃n−3|c)

which are conveniently depicted as

Remarkably, the OPE ties monodromy of solutions around particular contours to dimen-

sions of the exchanged operators in a particularly simple way. For the degenerate primary

inserted as on Fig. 1 we find that the conformal block is dominated by (zm�y)�̃m+1��(1,2)��̃m .

By the OPE argument, moving y around zm is equivalent to moving around insertion points

of those operators which have been fused into the exchanged operator. Thus, computing the

monodromy of the above power-law function we easily find the monodromy along the contour

�k (2.1).
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The classical conformal blocks arise in the limit when the central charge and conformal

dimensions simultaneously tend to infinity. Both external and exchanged dimensions �m and

�̃n grow linearly with the charge c in such a way that ratios ✏m = 6�m/c and ✏̃n = 6�̃n/c

called classical dimensions remain fixed in c ! 1. Then, the quantum conformal block is

represented as an exponential of the classical conformal block [17]. Operators with fixed
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thin blue lines represent primary and exchanged perturbative heavy operators which are discussed in

Section 3.

In our case of the (n + 1)-point conformal block all operators are supposed to be heavy

while the degenerate operator is light, limb!0 �(1,2) = 1/2. Thus, in the semiclassical

limit it decouples from the other operators, while adjacent exchanged dimensions get equal

limb!0(�̃m � �̃m+1) = 0, see Fig. 1. The limiting (n+1)-point conformal block factorizes as

F(y, z|�m, �̃n)
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c!1

!  (y|z) exp
⇥
� c

6
f(z|✏i, ✏̃j)

⇤
, (2.3)

where we denoted z = {z1, ... , zn}, function  (y|z) describes the semiclassical contribution

of the degenerate operator, while the exponential factor f(z|✏i, ✏̃j) is the n-point classical

2We change (�, c) ! (P, b) according to �(P ) = c�1
24

+ P 2 and c = 1 + 6(b + b�1)2 [21]. The limit c ! 1
can equivalently be described as b ! 0.
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In the semiclassical limit c →∞ the conformal blocks exponentiate as

F(zi ,∆i , ∆̃j ) = exp
[
− c f (zi , εi , ε̃j )

]
where εk = ∆k

c
and ε̃k = ∆̃k

c
are classical dimensions and f (z|ε, ε̃) is the classical conformal block.



Auxiliary Fuchsian equation
We consider (n + 1)-point correlation functions with one degenerate operator. The singular vector
decoupling condition[

c
∂2

∂y2
+

5∑
i=1

( ∆i

(y − zi )2
+

1

y − zi

∂

∂zi

)]
〈V12(y)V1(z1) · · ·Vn(zn)〉 = 0 .

In the classical limit c →∞ the (n + 1)-point auxiliary correlation function behaves as

〈V12(y)V1(z1) · · ·Vn(zn)〉
∣∣∣
c→∞

≈ ψ(y |z) exp
[
− c f (zi , εi , ε̃j )

]
,

where f (zi , εi , ε̃j ) is the classical block and ψ(y |z) is governed by the Fuchsian equation

d2ψ(y |z)

dy2
+ T (y |z)ψ(y |z) = 0 , T (y |z) =

n∑
i=1

(
εi

(y − zi )2
+

ci

y − zi

)
Here T (z) is the stress-energy tensor and ci are the accessory parameters

ci (z) =
∂f (z)

∂zi
, i = 1, ..., n

The asymptotic behavior T (z) ∼ z−4 at infinity yields the constraints

n∑
i=1

ci = 0 ,
n∑

i=1

(cizi + εi ) = 0 ,
n∑

i=1

(ciz
2
i + 2εizi ) = 0

There are n − 3 independent accessory parameters, c2, . . . , cn−2.



Heavy-light approximation. We consider the case of two background operators. Let
εn−1 = εn ≡ εh be the background heavy dimension, while εi , i = 1, ... , n − 2 be perturbative
heavy dimensions,

εi/εh � 1

Then, the Fuchsian equation can be solved perturbatively. We expand all functions as

ψ(y , z) = ψ(0)(y , z) + ψ(1)(y , z) + ...

T (y , z) = T (0)(y , z) + T (1)(y , z) + ...

ci (z) = c
(0)
i (z) + c

(1)
i (z) + ...

f (z) = f (0)(z) + f (1)(z) + f (2)(z) + ...

where expansion parameters are perturbative heavy dimensions εi .

Accessory parameter equations. Using the monodromy method we find the constraints(
I

(k)
++

)2
+ I

(k)
−+ I

(k)
+− = −4π2ε̃2

k , k = 1, ... , n − 3

where quantities I
(k)
±± are linear in the accessory parameters, e.g.,

I
(k)
+− ∼ αε1 +

n−2∑
i=2

(ci (1− zi )− εi )−
k+1∑
i=2

(1− zi )
α(ci (1− zi )− εi (1 + α))

Here α =
√

1− 4εh parameterizes the background dimension.



Dual picture
The heavy operators with equal conformal dimensions εn = εn−1 ≡ εh produce an asymptotically
AdS3 geometry identified either with an angular deficit or BTZ black hole geometry
parameterized by

α =
√

1− 4εh

• α2 > 0 for the conical singularity

• α2 < 0 for the BTZ black hole

The metric of the conical singularity reads

ds2 =
α2

cos2 ρ

(
− dt2 + sin2 ρdφ2 +

1

α2
dρ2
)

Entropy 2010, 12 2247

For ⌃ � � the compact spacelike dimension becomes infinite, the spacetime has the topology of the
plane shown in Figure 1b and the EE is independent of ⌃. In this limit Equation (5) gives the EE for
a 2D CFT at zero temperature on the plane P [20–22]:

S
(P)
ent =

c + c̄

6
ln

�

"
. (6)

Figure 1. The three different forms of the 2D spacetime. � is the spacelike coordinate and t

is the timelike one.

t

�
t

�

t

�

a) Cylinder C b) Plane P c) Cylinder C

We can also consider a 2D CFT at finite temperature T = 1/� and a noncompact spacelike dimension.
The spacetime has the topology of the cylinder C represented in Figure 1c and the EE turns out
to be [21]:

S
(C)
ent =

c + c̄

6
ln

✓
�

"⇡
sinh

⇡�

�

◆
. (7)

One could also consider a spacetime with the topology of a torus T . In this case the EE has not a
universal form but depends on the details of the 2D CFT [23].

It is important to stress that the cylinder C can be obtained as the limiting case of a torus T (�, �) with
cycles of length �, � when � � �. In Section 4.6 we will use this feature to relate the thermal entropy
of a CFT on the torus with the EE of a CFT on the cylinder C.

2.3. AdS/CFT Correspondence and UV/IR Connection

In Section 4 of this paper we will compute the EE of the BTZ black hole through an approach based
on the holographic principle. In particular, we will use the AdS/CFT correspondence and the UV/IR
relation, which are introduced in this section.

According to the holographic principle, suggested by ’t Hooft [24] and Susskind [25], a bulk theory
with gravity describing a macroscopic region is equivalent to a boundary theory without gravity living
on the boundary of that region.
One of the most fruitful realizations of the holographic principle is the AdS/CFT correspondence,
which was conjectured by Maldacena [26] in 1997. The AdSd+1/CFTd correspondence states that each
field � propagating in a (d + 1)-dimensional anti-de Sitter spacetime is related, through a one to one

The perturbative heavy operators are realized via particular network of worldlines of n − 3
classical point probes propagating in the background geometry formed by the two background
heavy operators. Points wi are boundary attachments of the perturbative operators.

The worldline action of a single massive particle with m ∼ ε is

S = ε

∫ λ
′′

λ
′

dλ
√

gtt ṫ2 + gφφφ̇2 + gρρρ̇2

A geodesic is characterized by the endpoint coordinates and the angular momentum s =
|pφ|
α

. Its
length is given by the on-shell value S.

Most importantly, the time slice is the Poincare disk!



Cubic vertex on the disk
The vertex action for three distinct lines has the form

S? = εI

∫ •
◦I

dλ LI + εJ

∫ •
◦J

dλ LJ + εK

∫ •
◦K

dλ LK , I 6= J 6= K ,

with the vertex point • and outer endpoints ◦A, where A = I , J,K .
The equilibrium condition at the vertex point is given by

P(I ) + P(J) + P(K) = 0 ,

where P
(A)
m = ∂LA/∂Ẋ

m
(A)

are canonical momenta of

three particles with coordinates Xm
(A)

, where m = ρ, φ

and A = I , J,K .

between vertices except for the radial line which ends at the center of the disk. The resulting

geodesic network on the hyperbolic disk is shown on Fig. 3 [12]. It can be obtained by

copy-pasting the conformal block diagram on Fig. 2 into the disk so that two background

operator lines shrink to the point identified with the center of the disk, while the insertion

points of conformal primaries go to the boundary attachment points.3

Geodesics on the hyperbolic time slice (4.2) are most easily described using the Poincare

disk model. In this case, these are segments of circles perpendicular to the boundary, including

circles of infinite radius (the radial line on Fig. 3). Geodesic lengths are explicitly known as

functions of endpoints, see, e.g., formula (A.4).

4.1 Cubic vertex and triangle inequalities

Any vertex of the geodesic network on Fig. 3 connects three external and/or exchanged

lines, where the vertex point is locally given by three coinciding inner endpoints while outer

endpoints are free, see Fig. 4. The vertex action for three distinct lines has the form

S? = ✏I

Z •

�I

d�LI + ✏J

Z •

�J

d�LJ + ✏K

Z •

�K

d�LK , I 6= J 6= K , (4.3)

where each term is the worldline action on the hyperbolic disk (4.2) with the vertex point •
and outer endpoints �A, where A = I, J, K. The least principle guarantees that the geodesic

segments satisfy the equilibrium condition at the vertex point

P (I) + P (J) + P (K) = 0 , (4.4)

where P
(A)
m = @LA/@Ẋm

(A) are canonical momenta of three particles with coordinates Xm
(A),

where m = ⇢, � and A = I, J, K.

J

I K

⌘

Figure 4. Cubic vertex on the hyperbolic disk. Incoming (I, K) and outcoming (J) momenta are

constrained by the equilibrium condition. The radial vertex position is parameterized by ⌘ = cot2 ⇢,

where ⇢ is the radial distance from the center.

The equilibrium condition is conveniently parameterized by classical conformal dimen-

sions ✏A and angular parameters

sA =
|P (A)
� |
↵

. (4.5)

3The geodesic network on Fig. 3 can be obtained through the geodesic Witten diagram studied in [13, 27].
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Recalling that P
(A)
φ = ±αsA, where the overall sign depends on the direction of the flow, we find

that the radial and angular projections of the equilibrium condition are given by

εI

√
1− s2

I η − εJ
√

1− s2
J η + εK

√
1− s2

Kη = 0

εI sI + εJ sJ − εK sK = 0

where η = cot2 ρvert . The solution reads

η =
1− σ2

IJ

s2
I + s2

J − 2σIJ sI sJ
, where σIJ =

ε2
I + ε2

J − ε2
K

2εI εJ



Dual network
The total worldline action is given by the sum of n − 3
vertex actions, i.e.,

S =

n−3∑
m=1

S
(m)
?

where endpoints are connected to each other to form the
network shown on the figure.

w2, ✏2

w1, ✏1

wn�2, ✏n�2

.
.

.

.

.
.

.
.

.
.

Figure: Multi-particle graph embedded into a constant time slice of a
conical defect geometry. Solid lines represent external particles, wavy lines
represent intermediate particles. The original heavy fields produce the
background geometry with the singularity placed in the center representing
a cubic vertex of two heavy fields and a light intermediate field.

Konstantin Alkalaev Classical conformal blocks via AdS/CFT correspondence

Given that the action functional S is stationary we find the equilibrium conditions at each vertex
point

P(i+1) + P(ĩ) + P
(̃i−1)

= 0 , i = 1, ... , n − 3 ,

and out-flowing momenta in all attachment points on the boundary and at the center of the disk,

P(A) =
∂S

∂X(A)

, A = 1, ... , n − 3, ñ − 3 ,

where the last equality is assumed to be weak, i.e. the action S is evaluated on-shell. One can
show that

sk =
1

αεk

∂S

∂wk

where wk are boundary attachment coordinates.



Angle separations
Angular separation of the geodesic segment with two endpoints having radial and angular

positions (φ
′
, η
′
) and (φ

′′
, η
′′

) characterized by the angular parameter s can be represented as

iα(φ
′′ − φ′ ) = ln

√
1− s2η′′ − is

√
1 + η′′√

1− s2η′ − is
√

1 + η′

The angular positions satisfy the balance equation

(wk − wk−1) + ∆φk−1 = ∆φk + ∆φ̃k−2

4.3 Angular balance condition

We study angular positions of the endpoints which define the limits of integration in the

worldline action (4.15). Let  i be angles of vertices ⌘i, i = 1, ... , n�3 and wi, i = 1, ... , n�2 be

angles of the boundary attachment points, see Fig. 5. Generally, exchanged lines are stretched

between two neighboring vertices while external lines connect vertices with boundary points.

From Fig. 5 we find that the angular separation of the i-th external segment is

��i = wi �  i�1 , i = 2, ... , n � 2 , (4.26)

while the angular separation of the i-th exchanged segment is

��̃i =  i+1 �  i , i = 1, ... , n � 4 . (4.27)

Both the rightmost and leftmost parts of the network on Fig. 3 are di↵erent from the general

pattern on Fig. 5. Therefore, we identify w1 =  0 and hence ��̃0 =  1 �  0 is the angular

separation of the first external line. Also, ��̃n�3 = 0 because the outer exchanged line is

radial. From Fig. 5 we find that angular positions satisfy the balance equation

(wk � wk�1) + ��k�1 = ��k + ��̃k�2 , k = 2, ... , n � 2 . (4.28)

wk�1

wk

 k�2

 k�1

⌘k�2

⌘k�1
s̃k�2

Figure 5. Angular separations. Dotted lines show angular positions wi and  i of the boundary

attachment points and vertices, respectively.

Angular separation of the geodesic segment with two endpoints having radial and angular

positions (�
0
, ⌘

0
) and (�

00
, ⌘

00
) and characterized by the angular parameter s can be represented

as [12]

i↵(�
00 � �

0
) = ln

p
1 � s2⌘00 � is

p
1 + ⌘00

p
1 � s2⌘0 � is

p
1 + ⌘0 , (4.29)

cf. (A.5). Boundary attachment points have ⌘ = 0, radial vertex positions ⌘k are given by

(4.25). From the technical perspective, the logarithmic representation (4.29) is well suitable

for the bulk/boundary correspondence analysis of Section 5 because the conformal map from

the complex plane to the boundary cylinder is also logarithmic (5.1).
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All in all, we obtain the system of radical equations

e iα(wk−wk−1) 1− isk

1− isk−1

D−k−1

D+
k

= 1

where we introduced notation

D−k = (
√

1− s2
kηk−1 − isk

√
1 + ηk−1)(

√
1− s̃2

k−1ηk−1 − i s̃k−1

√
1 + ηk−1)

D+
k = (

√
1− s2

kηk−1 − isk
√

1 + ηk−1)(
√

1− s̃2
k−2ηk−1 − i s̃k−2

√
1 + ηk−1)



Two systems
The conformal block and the mechanical action (geodesic length) read

ck =
∂f

∂zk
sk =

1

αεk

∂S

∂wk

On the boundary. The accessory equations

c1 = −
n−2∑
i=2

[
ci (1− zi )− εi

]
+ ε1 (I

(k)
++)2 + I

(k)
−+I

(k)
+− = 4π2 ε̃2

k

where independent variables are c1, ... , cn−2. There are (n − 2) equations for (n − 2) variables.
In the bulk. The momentum equations

εi si + ε̃i−1 s̃i−1 − ε̃i−2 s̃i−2 = 0

ε̃k−1

√
1− s̃2

k−1ηk−1 − ε̃k−2

√
1− s̃2

k−2ηk−1 − εk
√

1− s̃2
kηk−1 = 0

e iα(wk−wk−1) 1− isk

1− isk−1

D−k−1

D+
k

= 1

where independent variables are angular parameters s1, ... , sn−2, s̃1, ... , s̃n−3, and vertex positions
η1, ... , ηn−3. There are (3n − 8) equations for (3n − 8) variables.



Weak equivalence
On the formal level, the problem is as follows. We consider a potential vector field

Ai (x) =
∂U(x)

∂x i

and impose the algebraic constraints

C
(N)
α (A,B) = 0 , α = 1, ... ,N ,

where Bk are possible auxiliary variables, B = B(A). We consider two potential vector field
systems defined by two different sets

{x ,U(x),A(x),B(x),C (N)} , {y , Ũ(y), Ã(y), B̃(y), C̃ (Ñ)}

Two systems are weakly equivalent if

C
(N)
α (A,B) = 0 , C

(Ñ)

β̃
(Ã, B̃) = 0 ,

have at least one common root {A0
i (x)} → {Ã0

i (y)} under transformations

x → y , U(x)→ Ũ(y)

In our case, the boundary system has no B-type variables which are characteristic of the bulk
system. This is quite natural from the AdS/CFT perspective in the sense that not all bulk
degrees of freedom are fundamental. Integrating out the local degrees of freedom identified here
with B-type variables we are left with A-type variables which are fundamental boundary variables.



The duality statement

The conformal map (cylinder ↔ plane) is given by

w = i ln(1− z)

The correspondence between a CFT with two background operators in the large central charge
regime and dual geodesic networks on the conical singularity background claims that the
perturbative classical n-point block and the on-shell worldline action of the dual network be
related to each other as

f (z) = S(w) + i

n−2∑
k=1

εkwk

The accessory and angular parameters are related as

ck = εk
1± iαsk

1− zk

with the convention that ”−” at k = 1 and ”+” at k 6= 1. In this case the bulk/boundary
systems are weakly equivalent.



Conclusions & outlooks
Conclusions

• Our main result: n-point classical conformal blocks in the heavy-light approximation are
equal (modulo the conformal map) to the lengths of dual geodesic networks for any n.

• The duality is shown without knowing explicit expressions of quantities on the both sides.
We reformulated both bulk/boundary systems as the potential vector field equations, where
vector components are subjected to the algebraic equations (weak equivalence).

Outlooks
• A possible future direction is to apply our technique to semiclassical CFTs on higher genius

Riemann surfaces. In the torus case, one-point classical blocks were studied in

M.Piatek, 2013

while their holographic interpretation was proposed in

K.Alkalaev and V.Belavin, 2016

• The semiclassical correspondence considered along these lines can be extended by including
1/c corrections. The 4-point case was studied in

M.Beccaria, A.Fachechi, G.Macorini, 2015

A.Fitzpatrick, J.Kaplan, 2016

It would be interesting to understand how our results for n-point blocks connect with going
beyond the leading 1/c order.


