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Motivation

» Using the methods of the Quantum Spectral Curve for N =4 SYM (Gromov,
Kazakov, Leurent, Volin'13; Gromov, Kazakov, Leurent, Volin'14) analytically
continue the scaling dimensions of length-2 operators and reproduce the so-called
Pomeron eigenvalue of the BFKL equation with nonzero conformal spin (Kotikov,
Lipatov'00).

P Derive the generalization of the Faddeev-Korchemsky Baxter equation for the
Lipatov’s spin chain (known from the integrability of the gauge theory in the
BFKL limit) with nonzero conformal spin.

P Find a way for systematic expansion in the scaling parameter in the BFKL regime
and study the Pomeron trajectory by numerical and analytical algorithms of QSC.
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High-energy scattering

P In the beginning we are going to briefly describe the meaning of the quantities
studied in the context of high energy scattering. The total cross-section o(s) for
the high-energy scattering of two colorless particles A and B can be written as
(Fadin, Lipatov'98; Kotikov, Lipatov'00)

a-+ioco
[ d2qd?q’ , dw [/ s\¢ ,
U(S)—JW(DA(C])@B(C]) J %<g> Gw(dq.9"),
a—100

where so = |ql|q’| and s = 2pAps.
P For the t-channel partial wave there holds the Bethe-Salpeter equation

wGw(q,q1) =8""2(q— q1) +JdD*2q2K(q, q2)Gw (92, q1) -

P |t appears to be possible to classify the Pomeron eigenvalues w of the BFKL
kernel K using two quantum numbers: integer n. (conformal spin) and real v

w=w(n,v).
For the phenomenological applications of the BFKL kernel eigenvalues with
non-zero conformal spin see (Kepka, Marquet, Royon’10). In (Fadin, Lipatov’'98;

Kotikov, Lipatov'00) the function w is used with the different argument
v=1/2+1v.
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Length-2 operators and BFKL regime in the N =4 SYM
» We consider important class of length-2 operators
trZ (D4 )51 (9, )52Z + permutations .

» Trajectory S(A,n), where S = S; and n = S5, corresponding to the length-2
operator tr Z(D )3 (0 )™ Z with the physical points depicted by the dots

S

<Inj-1 Inl+1 A

“Inl-2

The identification with the high-energy scattering regime is w(n,v) =S + 1,
where v = —1A /2.

P> BFKL scaling is determined by: S — —1, g — 0 and 5% is finite. Leading order

2 n
BFKL approximation corresponds to resumming all the powers <Ls+1) .
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Algebraic construction. Q-system and QQ-relations

» The AdSs/CFT4 Quantum Spectral Curve (Gromov, Kazakov, Leurent,
Volin'13; Gromov, Kazakov, Leurent, Volin'14) gives the generalization of the
Baxter equation describing the 1-loop spectrum of twist-2 operators to all loops.

» The AdS/CFT Q-system is formed by 28 Q-functions which we denote as
QA\](U)- where A, ] C {1, 2, 3,4} are two ordered subsets of indices. They
satisfy the QQ-relations

_ Ot - - +
QanQaabll = Qa1 Qavi — Qaai Qawr

—0Ff O— - A+
QA\IQAIHJ' - QA\IiQA\Ij - QAlIiQA\Ij '

_ O+ - + O-
QaatQami = QaqriQar — QanQAaami-

In addition we impose the normalization constraint Qg = 1.

» By applying the QQ-relations we are able to generate the whole Q-system from 8
basic Q-functions: Qqjg(u) and Qg ().
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Algebraic construction. Hodge and H-symmetry

» By imposing the quantum unimodularity condition Q1234j1234 = 1 and using the
Hodge duality

= (_1\@mn)m bnj1.brag..an jmpiedainedim ) .
= (-1 € € an+1 vvvvv balim41,-j4

we obtain the Hodge dual Q-system with the upper indices, which satisfies the
same QQ-relations.
P |t also true that
QU Qay =8}, QU'Qui=—5§
and

Qaw) _ (Qu\i)Jeri . Q(Dli — (Qa\i)+Qam .

» The quantum unimodularity condition leads us to the following constraints for the
Q-functions

QupQ*” =0, Qp:Q" =o0.
» QQ-relations are also invariant with respect to the H-transformations
Qap — (Hp)5$Qcp . Q% — (Hzh Q<
Qo — (HP)IQq; . Q™ — (HH} Q"

where Hg and Hyf are periodic matrices and det Hg det Hy = 1.
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Algebraic construction. 4th order Baxter equation

P As a consequence of the Q Q-relations, Q-functions with one index are related
through the following 4th order finite-difference Baxter equation

[+4] [+2] [+2] [0[+4]
0= Q@\] Do — Qm] [Dl — Qa|q) Q“ DO] +
4 EQ‘D“ [D2 — QupQH4D, 4 Qa|@Qa"M+2]D1] _

— Q2 [Br + QLEQUN D) + Q) =0,

where

1|0(+2] 410[+2]

le P 421425,
Do = det Quol-2l . Qo2 , Di1= 1<c{e]t<4 QUIl4—21425 5]
Ql\w[fﬂ Q4\m74]
D2 —  det Qmj[472i+25i,1+5i,2] )
1<1,j<4
Dy = det QWIT42i-28icnl 1 =0,1.
K 1<1,j<4 Q

> After the exchange of the lower and upper indices we obtain the same equation
for QW]. The four solutions of each equation allow to find four functions Qg

and QWj respectively.
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Analytic structure. Asymptotics and analytic properties of the basic
Q-functions

» We denote the functions Q qjp (1), Qqjg(1), Qgji(u) and Qmi(u) with
prescribed analytical properties as P (1), Po (1), Qi (1) and Qt(u) respectively.

» All the Q-functions including P, P9, Q; and Q! have the power-like asymptotics
at large u

Py~ Aqu Ma  pr~aAdyMa—l g ~BuMil, Qi ~Blu M

where
o [ Jires Ji243  J1-2-3 ~ Jir2ss
Mg = { S LT 5 L 5 ,
~  [A—=S1p A+S14.2 A+S12 A—S1 -
M; = { e S > .

» As we know from the classical integrability of the dual superstring o-model (see,
for example, Gromov'17), the P- and Q-functions at least have the quadratic
branch points at u = £2g. Natural assumption about their analytic structure on
the defining sheet

P, pe Qi Q!
@ @ -—-— o—--
—2g 29 —2g 2g
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Analytic structure. Upper and lower half-plane analytic Q-systems

» The equation for the upper half-plane analytic Q,; functions

AqBj Y )
et yMetMi s o

—i— =
—Mq + M;

Qt Q;\i =PqQi, Qali. =

ali —

Qq)i are the Q-functions from the generated UHPA Q-system.

> Substitution of the asymptotics of Q; allows to find the products of A and B

coefficients in terms of the charges for ap,ig =1,...,4
4 - 4 . .
] (M‘lo M]) . H (MIO - Ma)
AggA% =i — . By Blo=—iot
(Mao - Mb) 1_[1 (Z\A/[io - M))

o
Il
-

o
=)

» Hodge-dual system is also UHPA. Q; and Q' coincide with —Q;rHPCl and
Qali+P in the UHP. In the UHP and LHP respectively we have

Q=0Qq, @'=Q", Imu>o0, éi:Qix éi:in Imu<0.
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Analytic structure. Gluing conditions

» Complex conjugation generates the LHPA Q-systems with lower and upper indices

(m4+n)(m+n—1) —
2

Qal vvvvv anlig,..., im (u) — (_1)MZMQQI vvvvv anlig,..., im (u) )

P As there is no principal difference between the UHPA and LHPA Q-systems and
due to the unitarity of N' =4 SYM they are connected by the combination of
Hodge and H-symmetry

Qi = Ml]é] ' éi = (Mit)ij Q] .

» By using the analyticity properties of the Q-functions we are able to show that
the matrix MY (u) is i-periodic, analytic and hermitian

MY (1) = Mt ()

as a function.
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Complex conjugation and parity symmetries

P Due to the determined conjugation properties of the P-functions
P, =CPP,, P%=_CgP®, C=diag{l,1,—1,—1},

Qi (u) also the solutions to the 4th order Baxter equation. Thus, there exist
i-periodic matrices that

Qi(w) = 0l (w)Q(u), O] =9,,cpa—.

P For the length-2 operators in question (J1 =2, Jo = J3 = 0) the P-functions
possess the certain parity

Po(—u) = (—1)*"Py(u), P*(—u)=(—1)*P*(u).
Thus, Q;(—w) are also solutions to the 4th order Baxer equation and
Qi(—w) =0} (W)Q;(w), ©l(w) = (—1)*1Q_ (—u)2 (u).

ali
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Constraining the gluing matrix
» The matrix M“Q]!‘ satisfies the equation
Ak _ MU0k — _0ik k@i
MY Q5 —MYQF =-Q'Q°+Q"Q",
and possesses the property of antisymmetry MY _O_}‘ =MW _O_]l

P Using the matrix @1(u) we are able to introduce another gluing matrix
Q'(w) =LY (WQj(~u), Q= (L"), W (—u),

where )
L (u) = MY (1) O (1) B (—u)

which after going under the cut on the real axis twice gives L1t (1) = LY (—u).

» Summarizing the gluing conditions and the obtained constraints for the gluing
matrix we have

M) = MY (u),
MY () Q¥ () = ~M¥ (u)Qtu), (Q Y] (u) = Bl (),
L (u) = MY (W) O (W) O (—u) ,

LY (—u) =L (w), (@) (w) = ©F(—u).

)
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Constraining matrix. Gluing matrix for integer and non-integer spins
P For the integer spins S; and S of the same parity we obtain

0 m12 0 0
G Mm12 0 0 0
iy __
M7= 0 o o Mm*
0 0 M3* 0

supplemented by the fixed phases of non-zero matrix elements
M2 = M2 ei(i%ﬂbslﬂbsz) M3 = |M*| ei(i%H’de’B“) _
P For non-integer spins S; and S we have

Mt M2 MPE mi
M2 0 0 0

MY (u) = - +
Mo Mp o
Mi 0 M3 mi
0o 0 M M o o M m¥#
0 0 O 0 P 0 0 O 0 o
v e + v e )
MPE o0 o 0 MPE o0 o 0
M o 0 0 Mi* o 0 0

where the matrix elements are determined by
M;j — 7M;je‘1ﬂ(Mj_Mi) i
i jus — i s —
M = |MB| RICEENIN TN ML = M2 oi(EF s, —0p,)
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Numerical solution. Method description

P The P-functions have the following form on their defining sheet with one short cut

a a X2 k:lXQk(u) ,

I
Pa[u):xm“*1 gm“’lA‘1 1—0—76(11 +Z°°7cil
x2 k:1X2k(U’) '

and satisfy the condition PoP® = 0.
» In the limit W — oo in the UHP we have the following expansion of Q;

AaBj
Q. 7MQ+M a\12l’ B.o— i K a ]A )
a|1(u) Z w2l alj,0 lfMa n Mj
Using the equation
0, = (o8 +PaP?) Q)

we find the value of Q); on the real axis.

» The loss function

S=D IF(w)l?, Fu) =% (w)Pg(u)+MI(w)Qy, (WP’ (1),

where 1 is a set of points on the interval [~2g,2g], is minimized by the
optimization procedure (Levenberg-Marquardt algorithm).
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Numerical solution. Intercept function

P Intercept S(0, n) as the function of the coupling constant g for conformal spins
n =0, n=3/2, n=2and n =3 (dots), weak coupling expansion of the
intercept (dashed lines) and strong coupling expansion (continuous lines).

S
0.0F =0
—05} : .

F'!5':0.2-..,.._0;4 0.6 0.8 10g
-15} ' n=2
20} N
N _n?3

_25/)
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Weak coupling expansion. Asymptotics, symmetries and LO solution

P The length-2 operators are not left-right symmetric. But there is still some
symmetry

P%(n,u) = x*Pc(—n,u), Q'n,u)=xYQj(—n,u).
P The asymptotics are simplified to
Po ~ (Au2 Al Az Au),,

A—mn+tl—w A4n—3+4w —A4n+l—w —A-—n-—3+w
Q] s (B 1 2 2 2

,Bau ,B3au
where w = S + 1.

P After some demanding calculations we get the result for the P-functions

1 2A 1 2Aw
P~ —+ :N, Po~ —+ ——, P32A§O)+Aél)w,
u u u u
s A271 272 A2 1 2 4
P42A£0Ju—l(( ) (A*+1)n +n)+
961
(2 . a2 2 2 2 4
(1) €1 i((A*—-1)"—2(A°+1)n“+n*)A
+<A4 quu/\ 48u3 w
where/\:%zand
(WAY
il =S (A2 2((A-n2-D((A+n)P?—DA-1).
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Weak coupling expansion. Factorization of the 4th order Baxter equation

» Thus, we get the equation for ng) and ng) in the LO

0 (A—mn)2—1-8u?
Q 4u?

0)—— 0
+Q” T+ =0,

and for Q(©2 and Q94 in the LO

(0 (A+n)2—1—8u?
4u?

Q + Q(O)J’** + Q(O)j++ =0.

Substituting Q; = u2Q]- and n = 0 we immediately see the Baxter equation
from (Faddeev, Korchemsky'94) and (Derkachov, Korchemsky, Kotanski,
Manashov'01-02).

P In the NLO the 4-th order Baxter equations also factorize and we obtain the
following 2nd order Baxter equation

__ A+n)—1
QU24++ 4 q2d— (72 4! 4ul >Q(1)2,4 _
. ; 2 2
_ i 002,44+ i 024—— W —A(A+ M) —1) (g)24
772(u+i)Q( ) +2(u—i)Q( + 2ut Q.
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Weak coupling expansion. Gluing conditions and LO BFKL eigenvalue

P> Two gluing conditions in the LO in the scaling parameter w
6 (0)2 1 (0)127(0)
Q( )2 _ MR,

~ o 34
Q(0)4 (0) Q3

» To find M£0)12 and M(10]34 we can use the continuity on the cut QZ(O) =Q3(0)
and Q*(0) = Q*(0). The result is

> After some calculations, we obtain

1

ah (W(A+n)+W¥(A—n))+0(g?) =

= <$> — <%> +2¢(1)+o(92) )

N =
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Weak coupling expansion. BFKL intercept j(n) for general conformal spin n

P Using the binomial harmonic sums

M .
St ik(MJ:(—lJMZ(—lJ’( o >< M )sh ,,,,, WG
j=1

The known intercept functions in the LO and NLO can be expressed in terms of
the binomial harmonic sums with the argument M = (n —1)/2

2

. . s
jLo =481, jnro =2(S21+S3) + ?Sl )

and allows to formulate an ansatz for NNLO intercept.
P To calculate the intercept the modified iterative procedure from (Gromov,
Levkovich-Maslyuk, Sizov'15) was used. The NNLO intercept is
. 1672 327t
INNLO = 32(S1,4 —S32 —S1,22 —S221 — 2823) — Tgs T

This result is in complete agreement with (Caron-Huot, Herranen'16). The
partial result at the NNNLO order

Si.

non-rt 3272
JREE (4k+1) = -3 (3S1,4 —3S23 —S32 +S1,1,3 —2S1,22 + S221 — S3,1,1) +
1674 56710 3272

+ 15 (4S5 — 82,1)-0-@81-0- 3 Cs S1,1+2240551,1—1283 (S—31 +2S_22—

—5S1,3— 15513 —4Sp > —12S55 — 15531 —4S_211+2S1, 21 +8S11,2+
+12S112+12S121 + 125211+ S—4 +9S4) .
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Near-BPS all loop expansion. Slope-to-intercept and curvature functions
» Knowing that P4 and P® are O(n — 1) (O(A)) in the LO, we find that Qilo‘l to

be a constant matrix. _ o
» This allows us to rewrite the equations P4 = Q:HMU Qg‘ij in the form

f’&‘” _ Q(0!+M(O)ijQ£()‘)*P(O)b ’ 15511) _ Qg()linLM(O)ijQLOl)*p(l)b_._

ali j j

(D+a4(0)ij 7/ (0)— (0)+p 4 (0)iju(1)— 0+ 1 (1)ija0)—) B(0)b
+<Qah MOTE0" 1 0O MO 4 oD ML) )P .
P Solving this system, we obtain the slope-to-intercept function
I;(4tg) Iz (47t
0(g) =1+ — 1(47tg)I2(47g) _
> (—1)*Iy (47tg) Ticy1(47g)
k=1

P Similar calculations give the curvature function

29
v(g) = ﬁ f{) dv(cosh” v [cosh* u](v) — cosh¥ v2T'[cosh](v))+
7
9 2729
2
1 ﬁ V3T [cosh™ ] (v) — 2v2T [cosh™ u](v) 4+ vI [cosh* u?]
t——e ¢ dv :
167g51, xo— L
—2g Xv
where
i [i(w—v) +1]
dv Fi(u—v
Frhv)](u) = 3E Raulog mh(\;) .
—2g
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Weak and strong coupling expansion of the non-perturbative quantities

» Weak coupling expansion of the slope-to-intercept and curvature functions
2

27 47t 287® 88
9 _ 2 4 6 840 (gl0)
(9) 39t g9 g5 9t 459 TO(97)
212 167t* 22772
v(g) =2L39° + (*TQ — 35C5) g*+ ( 3 3+ 3 (s +504C7> g%+
2870 8t
M <_ 35 (3 3G — 567G — 6930C9> g +0(g") .

» The strong coupling expansion of the nonperturbative quantities in A = (47tg)?

is given by
3 3 9 9 711 1
- 14 - "= —
0 * AL/2 2N 8A3/2 4AZ 128A5/2 +o (?\3> '
1 1 33 81 2265
v

TOA/Z T 4N 16A3/2 16AZ  256A5/2
1440Cs — 765 20736005 — 22545 1
+ o(x5)-

6473 2048A7/2

P It is in complete agreement with the corresponding expansion of the intercept
found from the numerics

S(0,n)=-n+ %,

(n—1)(n+2)(2n —1)

m—1)(n+2)(Tm?>—9n —1) 1
A + BA32 +0(53)-
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Conclusions and outlook

P> We developed a framework for the QSC for both integer and non-integer spins
Si =S and S, = n.

» QSC numerical algorithm allowed to calculate S for different values of A, n and
coupling g.

» We reproduced the dimension of length-2 operator with non-zero conformal spin
in the LO of the BFKL regime directly from the QSC.

P Using the iterative procedure, there was obtained the BFKL intercept for arbitrary
conformal spin up to NNLO order and partially at NNNLO order.

» We found two new non-perturbative quantities: slope-to-intercept and curvature
functions and calculated their weak and strong coupling expansions.

» Find an algorithmic way of generation of any BFKL Pomeron eigenvalue with
non-zero conformal spin (NNLO, NNNLO, etc.) on Mathematica program.

P Consider the states with the bigger number of reggeized gluons (Odderon etc.)

which means J; > 3.

P Incorporate the triple Pomeron vertex into the QSC framework.
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Thanks for your attention!
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