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Introduction

Dynamic HS equations schematically

dxω + ω ∗ ω = Υ(ω, ω,C) + Υ(ω, ω,C,C) + . . . ,

dxC + [ω,C]∗ = Υ(ω,C,C) + . . .

ω = dxµωµ (Y,K|x) – generating function for HS gauge fields.

C = C (Y,K|x) – generating function for HS stress-tensors (Maxwell,
Weyl, etc) + scalar C (0,K|x).

Υ(ω, ω,C,C),Υ(ω,C,C), . . . – might contain infinite number of
derivatives between C-fields.

Υ-vertices can be obtained from generating system with doubled
amount of spinorial variables
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Introduction

Vasiliev equations in d = 4

dxW +W ∗W = 0 ,

dxS + [W,S]∗ = 0 ,

dxB + [W,B]∗ = 0 ,

S ∗ S = i(θAθA + ηB ∗ γ + η̄B ∗ γ̄) ,

[S,B]∗ = 0 .

Here W = dxµWµ (Z, Y,K), S = θASA (Z, Y,K) , B = B (Z, Y,K).
ZA = (zα, z̄α̇), YA = (yα, ȳα̇), θA =

(
θα, θ̄α̇

)
, K =

(
k, k̄
)

{yα, k} = {zα, k} = {θα, k} = 0, [ȳα̇, k] = [z̄α̇, k] = [θ̄α̇, k] = 0, k2 = 1.

dx = dxµ
∂

∂xµ
, {θA, θB} = {dxµ, θA} = 0 =⇒ { ∂

∂θA
, θB} = { ∂

∂θA
,dxµ} = 0.
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Introduction

Star-product

(f ∗ g)(Z, Y ) =
1

(2π)4

∫
dUdV f(Z + U, Y + U)g(Z − V, Y + V )eiUAV

A
.

[YA, YB]∗ = −[ZA, ZB]∗ = 2iεAB , [YA, ZB]∗ = 0 .

Central elements γ, γ̄

γ = eizαy
α
kθαθα , γ̄ = eiz̄α̇ȳ

α̇
k̄θ̄α̇θ̄α̇

Inner Klein operators

f (z, z̄, y, ȳ) ∗ eizαyα = eizαy
α ∗ f (−z, z̄,−y, ȳ) .
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Introduction

Perturbative expansion

B0 = 0 , S0 = θAZA , W0 = ω (y, ȳ) .

Here ω (y, ȳ) satisfies dxω + ω ∗ ω = 0.

[S,B]∗ = 0 =⇒ [S0, B1]∗ + [S1, B0]∗ = 0,

Using star-product [ZA, f (Z, Y )]∗ = −2i
∂

∂ZA
f (Z, Y )

[S0, B1] = −2iθA
∂

∂ZA
B1 (Z, Y,K) = −2idZB1 (Z, Y,K) = 0.

B1 (Z, Y,K) = C (Y,K) .
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Introduction

− 2idZS1 = iηC ∗ γ + iη̄C ∗ γ̄

Typical equation
dZf (Z, Y |θ) = J (Z, Y |θ)

Solution up to dZ-exact terms is given by homotopy operator 4Q

f (Z, Y |θ) = 4QJ (Z, Y |θ) ,

where

4QJ (Z, Y |θ) ≡ (Z +Q)A
∂

∂θA

∫ 1

0

dt

t
J (tZ − (1− t)Q,Y |tθ) .

Where Q should be Z-independent. When Q = 0, 40 – conventional
homotopy.
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Homotopy operator 4Q

4QJ (Z, Y |θ) ≡ (Z +Q)A
∂

∂θA

∫ 1

0

dt

t
J (tZ − (1− t)Q,Y |tθ) .

How to obtain this formula?
From Z to Z ′A = ZA +QA

J (Z, Y |θ) =⇒ J
(
Z ′ −Q,Y |θ

)
Conventional homotopy over Z ′

Z ′A
∂

∂θA

∫ 1

0

dt

t
J
(
tZ ′ −Q,Y |tθ

)
.
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Homotopy operator properties

Index A in
(
ZA, YA, θ

A
)
takes arbitrary values

Resolution of identity

dZ4Q +4QdZ + hQ = 1, where hQf (Z, Y |θ) ≡ f (−Q,Y |0)

Using definition and resolution of identity one cas show

4Q4P +4P4Q = 0 =⇒ 4P4P = 0,

hP4Q = −hQ4P =⇒ hP4P = 0,

4B −4A = {dZ ,4A4B}+ hA4B

Moreover

4(ρ) :=

∫
dQρ(Q)4Q, with

∫
dQρ(Q) = 1.
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Homotopy operator properties

Two component relations
(
ZA, YA, θ

A
)

=⇒ (zα, yα, θ
α)

4b4af(z, y)θβθβ = 2

∫
[0,1]3

d3τ δ(1−τ1−τ2−τ3)(z+b)α(z+a)αf(τ1z − τ3b− τ2a, y)

hc4b4af(z, y)θβθβ = 2

∫
[0,1]3

d3τ δ(1−τ1−τ2−τ3)(b−c)γ(a−c)γf(−τ1c−τ3b−τ2a, y) .

As consequence
h(µ+1)q2−µq14q24q1 = 0 ∀µ ∈ C

4b4aγ = 2

∫
[0,1]3

d3τ δ(1−τ1−τ2−τ3)(z+b)α(z+a)αei(τ1z−τ2a−τ3b)βy
β

k,

hc4b4aγ = 2

∫
[0,1]3

d3τ δ(1−τ1−τ2−τ3)(b−c)β(a−c)βe−i(τ1c+τ2a+τ3b)αy
α

k.

As consequence
ha+αy4b+αy4c+αyγ = ha4b4cγ ∀α ∈ C .
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Homotopy operator properties

(4d −4c)(4a −4b)γ = (hd − hc)4a4bγ ,

Star-exchange properties

4q+αy(C(y, k) ∗ Γ(z, y|θ)) = C(y, k) ∗ 4q+(1−α)p+αyΓ(z, y|θ) ,

where q is z and y independent spinor.

pα = −i∂Cα , pαC(y, k) ≡ C(y, k)pα = −i ∂

∂yα
C(y, k)

4q+αy(Γ(z, y; θ) ∗ C(y, k)) = 4q+(1+α)p+αyΓ(z, y; θ) ∗ C(y, k)

4q+αyγ ∗ C(y, k) = C(y, k) ∗ 4q+2p+αyγ .
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Central on-mass-shell theorem. Preliminaries

Only holomorphic sector

−2idzS1 = iηC ∗ γ =⇒ S1 = −η
2
40 (C ∗ γ) = −η

2
C ∗ 4p (γ) ,

where dz = θα
∂

∂zα
.

2idzW1 = dxS1 + [ω, S1]∗ =⇒ W1 =
1

2i
40 (dxS1 + [ω, S1]∗)

W1 = − η
4i

(C ∗ ω ∗ 4p+t4p+2tγ − ω ∗ C ∗ 4p+t4pγ) ,

where
tα = −i∂ωα , tαω(y) ≡ ω(y)tα = −i ∂

∂yα
ω(y).

Thanks to star-exchange formulas!
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Central on-mass-shell theorem. Dynamic equations

dxω + ω ∗ ω = −dxW1︸ ︷︷ ︸−ω ∗W1 −W1 ∗ ω

dxW1 is proportional to zα.

dxω + ω ∗ ω = 0, dxC + ω ∗ C − C ∗ ω = 0.

dx (ω ∗ C ∗ 4p+t4pγ) = −ω ∗ ω ∗ C ∗ 4p+t1+t24pγ + . . .

dxω + ω ∗ ω =
η

4i
ω ∗ ω ∗ C ∗ (4p+t1+t2 −4p+t2) (4p −4p+t2) γ+

+
η

4i
ω ∗ C ∗ ω ∗ (4p+t1+t2 −4p+2t2) (4p+t2 −4p+t1+2t2) γ+

+
η

4i
C ∗ ω ∗ ω ∗ (4p+t1+t2 −4p+t1+2t2) (4p+t1+2t2 −4p+2t1+2t2) γ.

Recall the following property

(4d −4c)(4a −4b)γ = (hd − hc)4a4bγ .
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Central on-mass-shell theorem. Dynamic equations

dxω + ω ∗ ω = ΥωωC + ΥωCω + ΥCωω

ΥωωC =
η

4i
ω ∗ ω ∗ C ∗ hp+t1+t24p4p+t2γ =

=
η

2i

∫
[0,1]3

d3τδ(1−τ1−τ2−τ3)ei(1−τ3)∂α1 ∂2α×

× ∂αω((1− τ1)y, ȳ) ∗ ∂αω(τ2y, ȳ) ∗C(−τ1∂1 − (1− τ2)∂2︸ ︷︷ ︸, ȳ;K)k

No y-depence in C! Ultra-local
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Conclusion

Background independent central on-mass-shell theorem with
ultra-local structure of vertices
Thanks to star-exchange formulas structures 4γ, 44γ,
4 (4γ ∗ 4γ), etc. appeared to be the only thing to be analyzed
Generalized homotopy operators may be also applied in 3d
Prokushkin-Vasiliev theory (work in progress)
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