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Structure of 4d Vasiliev equations

4d Vasiliev equations [Vasiliev, Phys.Lett. B285 (1992) 225]
AW + W s W = i0%0, + inB % v + ifB * 7,
dB+[w,B], =0.

@ d = dx™ % — space-time de Rham differential

@ Master-fields
W(Z,Y;K|x) = Wn(Z,Y;KIX)dXT + Sa(Z, Y K[x)0", B(Z,Y:K|x).
@ 74 and Y# are twistor-like sp (4)-spinors contracting all indices of HS fields.

@ Infinite number of HS interaction vertices are encoded into evolution in (Z, §)-directions.
@ Physical fields — Z, #-independent components:

w(Y;KIx) = Wn(Z =0,Y;K|x)dx2, C(Y;K|x)=B(Z =0,Y;K|x).

@ 1-form w contains all gauge-noninvariant d.o.f. (spin-s gauge field and its first (s — 1)
derivatives for all s > 1)

@ 0-form C contains all gauge-invariant d.o.f. (scalar and spinor fields, HS curvatures for
s > 1 and infinite towers of their descendants).
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Structure of 4d Vasiliev equations

4d Vasiliev equations [Vasiliev, Phys.Lett. B285 (1992) 225]

AW + W« W = i0%0, + inB % v + ifB * 7 ,
dB+[W,B], =0.

@ HS algebra is realized on twistor variables via star-product

(FxG)(Z,Y) = (21)4 /dUdVF(Z+U,Y+U)G(Z,V7Y+V)eiuAvA7

which is generalization of universal enveloping of Weyl algebra:
[Ya, Y8l, = —[Za,ZBl, = 2ieap, [Ya,Z8], = 0.
@ Inner Klein operators » and : » = eZ2¥™ | {i,y}, = {56,2a}, =0, sxxx=
@ Outer Klein operators k and k: {k,ya} = {k,za} = {k,0a} =0, k2=1.

@ Central elements of the theory :

52 (0) := %9“%, v = 2k6% (0), &% (0), 7.
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Lorentz covariance

@ Noncovariant equations are handy due to d®> = 0.Though in AdS (DL)2 # 0, field redefinition
to Lorentz-covariant formulation must exist in order to preserve equivalence principle.

@ Lorentz-covariant derivative of a multispinor
DL dan),a(m) = Ibain),a(m) — M’ dgain—1),a(m — D" bam) gam-1)
(p ) Saim,a(m = MRa’ Bgatn—1),a(m — MR&" b sa(m-1):

Rap = dwap —wawyg, Ryp=do,s—2a @4, DRQB:DLFfdﬁ-:O.

@ In HS master-fields all spinor indices are contracted with ZA, YA or 4 and we have

0 B f)
D'F(Z:Y:0) = (d+w“5 (ZAaZB +Yagve +0A8ﬁ)) F(Z:Y;0).

@ For #-independent functions there is a star-product realization of connection part

0 o
B AB
Zp—=+Ya—= | =w L f
(AazB AayB) [A57 ]*7

i
Lag = ~1 (YaYB — ZaZB) -

Nikita Misuna (Lebedev Institute, Moscow) (Higher SpilLorentz covariant form of extended higher-spin equatio Moscow, 05.06.18 4/15



Lorentz symmetry in #-sector

0-sectors of Vasiliev equations
[Sa,Sg]* = —2i6a5 (1 + nB * %) s
{Sa;B*x}, =0.

represents deformed oscillator algebra and respects sp (2) for any B [Vasiliev, Int.J.Mod.Phys. A6
(1991) 1115]:

i
Mas = ¢ {Sas S5},

[MaouMﬂﬂ] _— zeaﬂMa57 [Maous/i]* = €aBSa-

It can be checked that the proper field redefinition, bringing HS equations to Lorentz-covariant
form, is [Vasiliev hep-th/9910096]

W — W-‘,—u)AB (LAB +MAB) .
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Field redefinitions

Now we move the other way around. Assume there exists a field redefinition to Lorentz-covariant
system

W W =W+uB(.)
This should map

{dSa +[W,8.], =0,

. D'S, +[W',Sa], =0,
dB+[W,B], =0,

D'B 4 W', B], =0.
Consistency condition
2
(") Sa = R%7 [Ls,,Sa], — Ra”Sp

requires that

[DLW’ +W W 4 ROV (LB7 — 2S5+ sw> ,sa} =o.

*
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Lorentz-covariant Vasiliev equations

Lorentz-covariant form of HS equations
i AB i o 0 A . .
D"W+WsxW+R (LAB—ZWW*WW)—W Op +inB x~v +inB 7,

D'B+[W,B], =0,
RAB .= du/B — WACLB.
Field redefinition relating this to initial noncovariant form
i 9 7]
W =Ww — B (L o 4 —W).
C BT 490" " 9B

Extra Stueckelberg symmetry gauging away Lorentz connection [lazeolla, Sundell, JHEP 1112
(2011) 084]

i 0 0
5 = &8, 6W’:—AB(L ———W 7w), 8B =0.
cwaB = aBs  Oc¢ 3 AB = 4 508"V * 5B 3

To fix wag We demand W to contain no connection-type terms

92 d?

Wlzy=0 = Wz, y=0 =0.

Oy*9yh
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Extended HS equations

In [Vasiliev, Nucl.Phys. B916 (2017) 219] extension of 4d HS equations was proposed, which
includes higher forms and closed space-time functionals of HS fields (BH charges [Didenko, NM,
Vasiliev, JHEP 1703 (2017) 164] and AdS/CFT functional presumably)

W=w+W" B=B+B" rcx) :=L"Kx+c"Xx).
Extended system has the form

AW + W « W = 020, + inB xy + igB = 5 + igy * 7 + L (x) ,

dB + [W,B], =0,

dZ(x) =0,

Higher forms do not influence sector of 1- and 0-forms and are expressed via them. The system
possesses enhanced gauge symmetry

W = de + [W, €], +ing*v+ife 7+,
OB =d¢ + {W, &}, + (B, €], ,
5L =dc(x) .
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Twisted sector and deformed oscillators

We expand twistor fields into components
w]d L = Sal + 2600762 (9) + 21,052 (6) ,
| X =
B‘d | = B+200(0) + 2667 (8) + bac0°0° .
X =
Then HS equations take the form
[Sa,Ss], = —2icas (1 +nB*x), [Sa,Sa], =0,

[Sa,b], +[ta,B], =0, [Sa,B], =0, %[sa,bad]* + [ts,B], =0,

[ta, S%], + [fd,éd] = 2i(nb* s+ bxx+gxxx) .

It turns out that this system admits realization of Lorentz symmetry as gauge transformation. For

B = 0 case gauge symmetries are
5/\Sa = [SOUE]* s
Onto = [ta, d, + [#Sal + [va, 5] |
oale = [Tare), + [, Sa] — [1/_)6@735] .

Then choosing

e:—i/\aﬁsa *Sﬁ, (b:%/\aﬁ {Sa*tﬁ}: wad:_LAQB {Sﬁ’fé‘}*

4
we get

OaSa = NaPSs,  data = NaPts.
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Generalized deformed oscillator algebra

Oscillator (Weyl) algebra:
[ya,yﬁ] = —2i€a3.
Deformed oscillator algebra:

Vo, ys] = —2ieas (1+vK), {Ya,K} =0, KK=1.
For any value of central element v y-bilinears form sp (2)
MaB = {yﬂtvyﬂ}v [leot:MﬂB} NEO(BMDLﬁ'

Adding another copy y generate full Lorentz algebra sp (2|C). Extended equations provide a
nontrivial generalization of deformed oscillators that still respects sp (2|C). For B = const, b =0
itis

[Sa,S5] = —2ieas (1 + vK) [éd,éﬁ-] = ey (1+0K)
{Sa,K} =0, {84,K} =0,

{ta,K} =0, {ts,K} =0,

[SasSa] =0, [ta, S + [fs, 5] = 2igKK .
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Lorentz-covariant ext-HS system

Once again, assuming the existence of field redefinition and analyzing consistency condition in
twisted sector, we get Lorentz-covariant form of extended HS equations

i 9 7]
L AB _ A ; o
D"W+WxW+ R (LA 4809AW a95,\/\/')719 Op + inB v + iqB * 5 + igy * 5 + L—

2 2
M pas 0 0 M Soo 88 0 0
—(TRes % — M gaapg B
(4 o6° 998 32 * FyTec

802908 00200

i ) )
D'B B —7F|’AB{ B, } =0.
+ W, Bl 4 007" 908

Stueckelberg symmetry switching between covariant and noncovariant systems

i 0 0
dewap = &ag,  0eB = %&AB { B W}

907" 968
i o 0 P P

SeW = —€°8 (Log — ~——Wx ——W ) — TgeB "y

¢ ¢ ( 57 4000 " " 908 ) 2% e P a1 T
i 2 2

M (caapsp BB o 9 o

M (conp R B c.
*32 (¢ +é >aeaaeﬁ * goges T O°
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Lorentz symmetry and central elements

@ Consider noncovariant non-extended equation
AW + W W = i6026, + inB *~ + ifB 7.
Rescaling properly # and master-fields one can set central element to be iv646,.
Covariantized equation becomes
i o
4v 9HA
So limit v — 0 is forbidden by requirement of Lorentz symmetry.

@ Consider Lorentz-covariant extended equation with ig~y = ¥ replaced by general 4-form
central element c.

9
DLW+W*W+HAB(LAB— *WW):i0A9A+inB*7+iﬁB*ﬁ.

D-W + W« W + RAB (LAB— ﬁ%w*a%sw) =620, +inBxy+iqB*5+C+ L—
n 1o} o in 82 &
_[Res B ~_~ _ LRpaapBs B c.c.
<4 o600 “ 908 " 32 902005 " gapgs | T

Consistency in particular requires

o e}
AB _
R {WC’ %W} =0

which holds for ¢ = ig~y * 7 but not for other central elements (like 54 (9) ).
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Covariant perturbation theory

@ Vacuum solution

i .
Wo = 6%%Yafa + 0°Zy + WY, RSP = —evse7, By =0.

@ Perturbative equations
AF = D + W, 11, — 7R {0af. 060}, =

@ Adjoint case
f(Z; Y-9)=A*dJ+g(Y)+(Ae+x)
1 —t 82
AJ=——2Z - —ef¢ J(Z,Y; 0
aa” 2j aeA/ ot { 2t 8Y58(90} 2, )
Dg

(Y) = Haad (Y),

1 92
Hagd (Z;Y;0) == exp { ZeBCW}J (Z:Y:6) |z=9=0-
@ Vacuum 3-form
1 . 1 _
Wl == 2974 / dtt3eZaY" g7, (93 +i(1—1t) EeBCzc) kk .
0

Nikita Misuna (Lebedev Institute, Moscow) (Higher SpilLorentz covariant form of extended higher-spin equatio Moscow, 05.06.18 13/15



Covariant perturbation theory

@ Vacuum solution
W = éeadyayd +08Zy + WY, RY = —evsePY, By =0.
@ Perturbative equations
Af = DM + W, ], — £RAB {0af, 8880}, =

@ Twisted case
f(Z;Y;:0)=A0pJd+9(Y)+ (Ae+x)

a (1.1 1—t 3] 1 -1 52

pArg—_tza 0 / dt— —i——eBCyg— — ——BC__— Ltz Y;t6

w 21 96% Jq texp{ 5 ® Yegee ~ 2z © azBage (V¢ )
Dy (¥) = Hud (Y)

. 1 5
Hind (Z;Y;0) := exp{—leBCYBa sc_ 0

— = ———— 3+ J(Z;Y;0)|7—p—0-
2 a0c ~ a° azBaec} ( )lz=0=0

@ In nonovariant frame

1—t 52 1—t i)
AL = —— dt— —— (/) WPCegP——— — iy — }.
tw 2i aeA/ Xp{ ( ) 5 56Coe0 ' ot B 96C
1—t go &P 1—t2 go 0P
. _ - e J(tZ;Y;t9) .
exp{ ot ¥ avEoec ~ ae © azeage (V! )
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Conclusions

@ We showed that extended HS equations admit local Lorentz symmetry.

@ We find that requirement of Lorentz symmetry restricts the form of central
elements entering HS equations.

@ We find that extended HS equations provide a nontrivial generalization of
deformed oscillator algebra.

@ We find that operator of HS perturbation theory are simplified in
Lorentz-covariant formulation.
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